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Introduction 



0.A Review of previous works on exotic smooth structures on 
open four— manifolds 



Four-manifold theory has been deeply developed from two approaches. One is 
based on geometry and functional analysis. In particular gauge theory, Yang- 
Mills theory or Seiberg-Witten theory, construct moduli spaces as the sets of 
solutions of nonlinear PDEs on four-manifolds. They have been discovered to 
contain extremely rich information on smooth structure. In particular the con- 
struction of Donaldson's invariant uses Yang-Mills moduli spaces. The invari- 
ant distinguishes many mutually-homeomorphic but non-diffeomorphic pairs of 
smooth four-manifolds. The other is based on topology, in particular Casson- 
Freedman's theory. In high dimensional differential topology, Whitney's trick 
to remove self-intersections of immersed discs has played one of the most impor- 
tant roles, but does not work in four dimensions. Casson's idea was, instead of 
removing them, to increase self-intersections by attaching immersed two han- 
dles constructively so that all self-intersections were able to be pushed away 
to infinity. Freedman verified that these infinite towers made from immersed 
two-handles were all homeomorphic to the standard open two-handle, and they 
are called Casson handles. This allowed the complete classification of oriented 
simply-connected topological four-manifolds by their intersection forms and 
Kirby-Siebenmann classes |15j . 

Combination of Casson-Freedman's theory with gauge theory provided very 
deep results on smooth structures on four-manifolds. One of the most im- 
portant results on exotic M 4 s was due to Taubes, who discovered uncountably 
many exotic smooth structures on M 4 |27j . In the essential step, he constructed 
Yang-Mills gauge theory on periodic open four-manifolds. Let X be an ori- 
ented topological four-manifold. X\pt can admit at least one smooth structure 
|16j . The idea was to verify that X\pt was not able to admit any end-periodic 
smooth structure. In fact otherwise it would produce generic Yang-Mills mod- 
uli spaces over X\pt as smooth manifolds. On the other hand, detailed analysis 
on the moduli spaces verified that it was impossible for such spaces to exist. 
Thus the smooth structure of the end was sufficiently complicated to obtain 
uncountably many exotic M s. 

Qeometry & Topology, Volume 8 (2004) 



ASD moduli spaces over four-manifolds with tree-like ends 



781 



O.B Casson handles 

Casson handles (CH) can be constructed inside smooth four-manifolds. One 
defines a smooth structure on CH by restriction. In another words, a tower 
consists of smoothly-immersed two-handles, and so the tower itself admits a 
smooth structure. Each building block by an immersed two handle is called a 
kinky handle. Even though any Casson handle is homeomorphic to the standard 
open two-handle, many of them are not diffeomorphic to the standard one. 
In fact even for the simplest Casson handle, CH + , consisting of a single and 
positive kink at each stage, the following is known: 

Lemma 0.1 (UE2] CH + is exotic in the sense that the attaching circle cannot 
bound a smoothly embedded disc inside CH + . 

For each signed infinite tree there corresponds a CH as a smooth four-manifold. 
In this paper we will define a subclass of signed infinite trees which are called 
homogeneous trees of bounded type. These are constructed iteratively by at- 
taching infinitely many half-periodic trees. A connected infinite subtree of a 
homogeneous tree of bounded type is called a tree of bounded type. Notice 
that a Casson handle of a tree of bounded type admits a smooth embedding 
by another CH of a tree of homogeneously bounded type. In this paper we 
will use the term Casson handle of bounded type to refer to any Casson handle 
constructed from a signed tree of homogeneously bounded type. 

Now any Casson handle of bounded type can be smoothly embedded in CH + 
preserving the attaching circles. The above immediately implies the following: 

Corollary 0.1 Any CH of bounded type is exotic. 

Typically, smooth structures on Casson handles will have a deep effect on the 
smooth types of four-manifolds which contain them. Thus Casson handles are 
smooth open four-manifolds with the attaching region, and comprise a rich 
class among open four-manifolds. They will provide highly nontrivial examples 
to study in open manifold theory. It is difficult to understand the important 
numerical relationship between the growth of signed trees and the complexity of 
smooth structures on the corresponding Casson handles. In |18| some relation 
between Stein structures and the number of kinks was found. 
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O.C Outline of the article 

In this paper we study Yang-Mills gauge theory over Casson handles. Our final 
aim will be to measure the complexity of smooth structures on Casson handles 
by means of gauge theory. Roughly speaking in order to construct Yang-Mills 
theory on open four-manifolds, one needs to overcome two steps. The first 
is the Fredholm theory of the linearized equation. The other is perturbation 
theory, or transversality, where the setting of perturbation is different from 
the closed case (as we will explain below). A general procedure in Yang-Mills 
theory tells us that in a situation on four-manifolds where the Fredholm theory 
is applicable, one can obtain Yang-Mills moduli spaces as generically smooth 
manifolds of finite dimension. In order to induce information on smooth four- 
manifolds from these moduli spaces, they are required to be non-empty under 
generic perturbation, where transversality theory will enter effectively. 

In this paper we show that for Casson handles of bounded type, one can impose 
complete Riemannian metrics and weight functions on them so that Fredholm 
theory can be done. So we will obtain Yang-Mills moduli spaces on them 
as generically smooth manifolds of finite dimension. Perturbation theory on 
Casson handles is at present under development. 

Let (S, g) be a Riemannian (possibly open) oriented four-manifold, and E — > S 
be an SO (3) bundle. A connection A on E is called anti-self-dual (ASD) 
if its curvature form satisfies the equation = Fa + *Fa = 0. Roughly 
speaking when S is closed, the set of ASD connections modulo the gauge group 
is the Yang-Mills moduli space, which is generically a smooth manifold of finite 
dimension. In this case one does not have to take care so much on the underlying 
function spaces. Any choice among various Sobolev spaces W k (S) (k large) 
gives the same moduli space. 

When S is open, there are no standard choices of function spaces. Let w : S — > 
[0, oo) be a smooth function. Then one obtains weighted Sobolev spaces W^(S) . 
Let us choose an ASD connection Aq, and consider two sets. One is 9Jt, the 
set of ASD connections such that their curvature forms are in L 2 . The other 
is TI(Aq) = {A : A is ASD, A - A G W^}. In general these spaces are 
very different and it seems difficult to study the geometry of the former space. 
In a periodic case, one can see that these give the same moduli space modulo 
gauge transformation, which follows from the exponential decay estimate on the 
curvature forms. A standard argument on transversality also works using the 
decay estimate. For the case of Casson handles, it seems natural to regard these 
spaces 9Jt and TI(Aq) as having mutually different natures. The exoticness of 



Geometry & Topology, Volume 8 (2004) 



ASD moduli spaces over four-manifolds with tree-like ends 



783 



smooth types of various Casson handles come from how the boundary solid tori 
are attached. These data are put in the cylindrical direction in our choice of 
metric. So it would be a delicate matter how these moduli spaces behave near 
the ends. The complexity of these moduli spaces will reflect that of the Casson 
handles. 

In our class of Casson handles of Jxmnded type, we will show that a Fredholm 
theory can be constructed using Wl(A ) . Our main concern here is analysis of 
the Atiyah-Hitchin-Singer complex: 

— W^\(Y,g)) -*+ W*((Y,g); A 1 ) ^ W^\(Y, g); A 2 + ) — 0. 

In this paper we will explicitly construct Riemannian metrics and weight func- 
tions over Casson handles, so that the above complex is Fredholm and its coho- 
mology groups are calculable when restricted to our class. This is the Fredholm 
part which we mentioned above. One may generalize this to the case with 
coefficients in the adjoint bundle Ad(g) of E. We denote by i7^,(AHS) the 
cohomology groups with coefficient at A' € 97?. 

Suppose the above complex is Fredholm. Then roughly speaking the ASD 
moduli space 97t(^4o)/(55 has a local model H\, = ker tfj, / im cLa 1 at A'. In 
fact the moduli space has the structure of a finite-dimensional manifold at A' , 
when <Ia> is injective and d\, is surjective. In that case H\, is canonically 
isomorphic to the tangent space of the moduli space at A'. These properties 
are well known for closed four-manifolds. A parallel argument also works for 
the open case. Once one fixes a 'base' L 2 ASD connection Aq G 971, then 
transversality also works for this case. Thus if one takes ji_ generic metric g' 
with respect to Aq, then the corresponding moduli space 9Jl(Ao,g',w)/<S will 
have the structure of a finite-dimensional manifold. Notice that these moduli 
spaces are parameterized by Aq € 971, and g' will depend on Ao. This causes 
some difficulty in perturbation theory. 

O.D Main results 

Here is the main theorem: 

Theorem 0.1 Let S be a smooth oriented open four-manifold constructed 
by attaching to a zero handle Casson handles of homogeneous trees of bounded 
type. Then there exists a complete Riemannian metric of bounded geometry g 
and an weight function w on S such that one can construct ASD moduli spaces 
over S as finite dimensional smooth manifolds with respect to (S,g,w). 
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This follows from the next two propositions. In this paper we will introduce 
admissibility for a pair of a Riemannian metric and a weight function over an 
open four-manifold (l.A). Then we will show the following: 

Proposition 0.1 Let S be an open four-manifold. Suppose one can equip an 
admissible pair (g, w) over S . Then one can construct ASD moduli spaces over 
S as finite-dimensional smooth manifolds. 

In order to obtain admissible pairs over Casson handles of bounded type, we will 
use an iterative method. The main construction in this paper is the following: 

Proposition 0.2 Let S be in theorem 0.1. There exist a complete Rieman- 
nian metric and an weight function on S so that the corresponding Atiyah- 
HitchinSinger (AHS) complex over S becomes Fredholm. Moreover the metric 
and the weight function over S give an admissible pair. 

Let us outline the construction of Riemannian metrics on Casson handles by 
restricting to simple cases. Each building block of a Casson handle, namely a 
kinky handle, is diffeomorphic to ^(S 1 x D 3 ) with two attaching regions; one 
is a tubular neighborhood of band sums of Whitehead links (this is connected 
with the previous block), and the other is a disjoint union of the standard 
open subsets S 1 x D 2 in ftS 1 x S 2 = d^S 1 x D 3 ) (this is connected with the 
next block). The number of end-connected sums is exactly the number of self- 
intersections of the immersed two handle. The simplest Casson handles have 
S 1 x D 3 as their building blocks. We attach a Casson handle to the zero-handle 
along the attaching circle and denote it by S = D 4 U CH . 

Let us consider a simple Casson handle, say CH(R + ) , a periodic Casson handle 
by positive kinks. Unlike the Taubes construction, the building blocks here are 
open. In order to make end-connected sums of building blocks isometrically, one 
explicitly equips the metrics on the building blocks. Then the building block 
as an open manifold becomes an 'open cylindrical' manifold. As in the Taubes 
construction, one connects two attaching regions in a block. The result becomes 
a cylindrical manifold on which analysis is already well known. By equipping it 
with a suitable weight function, one will apply the Fourier-Laplace transform 
between the cylindrical manifold and its periodic cover. By a kind of excision, 
one obtains a Fredholm AHS complex over S. 

This method shows that once one obtains some suitable function spaces on any 
open manifolds, then the Fourier-Laplace transform works on their periodic 
covers. We will use this observation iteratively. In general a Casson handle can 
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be expressed by an infinite tree with one end point and with a sign ± on each 
edge. The next simplest Casson handle will be represented as follows. Let M + 
be the half-line with the vertices {0, 1, 2, . . . }. We prepare another family of 
half-lines {K! | _}j=i,2,... assigned with indices. Then we obtain another infinite 
tree: 

12(2) = R + U i= i i2) ... R*+ 

where we connect i in M + with in W + . For example one may assign — on 
R + and + on all {R^li- Then one obtains the corresponding Casson handle 
CH(R(2)) . In this case the building blocks are diffeomorphic to £2 = (S 1 x 
D 3 )^ 1 x D 3 ) along R + . £2 has three attaching components. One is fi, the 
tubular neighborhood of the band sum of two Whitehead links as before. We 
will denote the others by // and 7, where these represent a generator of 7Ti(£2) • 
In order to apply Fourier-Laplace transform, one takes end-connected sums 
twice. Firstly one takes the end-connected sum between fi and fi' as before. The 
result is an 'open cylindrical' manifold, since there still remains one attaching 
region, 7. One takes the end-connected sum of this with CH(M. + ) along 7. 
In this manner, one obtains another open manifold, (S2//U ~ f/,')\\^CH(R + ) . 
Now we have already two kinds of analytic preparations. One is analysis for 
cylindrical manifolds, and the other for the half-periodic Casson handle as we 
have explained. By a kind of excision argument, one can verify that the AHS 
complex on the open manifold is Fredholm. Half of part of its periodic covering 
is exactly CH(R(2)). Again by a Fourier-Laplace transform and excision, one 
obtains the Fredholm AHS complex over S = D 4 U CH{R(2)). 

These are simple examples, but the idea works for much more general cases of 
Casson handles. One may iterate this construction inductively to more compli- 
cated Casson handles. 

In the case of end-connected sums, the excision argument tells us that just the 
differentials have closed range. In order to see the finite-dimensionality of the 
cohomology, we will make explicit calculations. This is one point where we 
use de Rham cohomology calculations. On this point a parallel argument by 
Seiberg-Witten theory seems to have some technical difficulty. 

O.E Directions for further research 

Finally let us indicate some possible developments arising from this kind of 
analysis, assuming perturbation theory. We would like to propose here some 
problems on the study of smooth structures on Casson handles. 
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Let us consider algebraic surfaces, say the K3 surface. This decomposes topo- 
logically as 2| — E^3(S 2 x S 2 ) , and contains six Casson handles. One may 
guess that it would be impossible to do Yang-Mills gauge theory on Casson han- 
dles inside the K3 surface, or more generally inside many of algebraic surfaces. 
One can verify that at least one of Fredholm theory or perturbation theory 
breaks down It seems reasonable to think that the smooth structure on 
the Casson handles in K3 will be so complicated that one might not be able to 
do Fredholm theory. If perturbation theory could work on these, then one will 
be able to tell that homogeneous Casson handles inside K3 should grow more 
than exponentially. The argument is to construct Yang-Mills theory on Casson 
handles and it will lead to a contradiction by dimension-counting on the moduli 
spaces. 

Let us take two Casson handles, CH(Ti) and CH(T2) where Tj are the corre- 
sponding signed trees. When T\ is embedded into T2, then there is a smooth 
embedding, CH(T2) CH(T\) preserving the attaching circles, but one can- 
not say about converse embeddings of CH(T\) into CH(T2) in general. The 
above argument suggests that any CH of bounded type will not be able to 
embed into Casson handles inside K3 preserving the attaching circles. 

In our situation here, one treats Casson handles whose trees grow polynomially. 
In fact in our method, one might expect that as Casson handles grow near 
exponentially, the continuous spectrum with respect to the AHS complex will 
approach zero. It might be possible that even exponential growth is already 
too complicated to obtain Fredholm theory. On the other hand one does not 
know concretely how the signed trees grow for the case of Casson handles in K3 
(for this direction, see |3j). In reality, any Casson handles of bounded type can 
appear in S 2 x S 2 \pt, and so it would be interesting to study smooth types on 
S 2 x S 2 \pt arising from Casson handles of bounded type. 

Next we will consider another problem. The re-imbedding theorem gives an- 
other Casson handle inside a six stage tower preserving the attaching circles. 
Now any Casson handle CH of bounded type can be embedded into one of the 
simplest Casson handles CH± = CH(M±), say into CH + . Let CH + (n) be the 
nth stage of CH + . One may consider a question whether CH can be smoothly 
embedded into CH + (n) for some large n preserving the attaching circles. For 
this, we would like to outline a possible argument (see 0). Let (Z, 8qZ, d\Z) be 
a smoothly non-product /i-cobordism with different Donaldson's polynomials 
on two boundaries. By using Kirby calculus technique, one may find a decom- 
position Z = W U U where W is smoothly product and CH + (n) appears in 
both the ends, BqZPiW and d\Zr\W . If CH could be smoothly embedded into 
CH + {n) , then one will obtain Yang-Mills moduli spaces over both of diZ (1W 
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whose ends are consisted by CH of bounded type. Since these are diffeomorphic, 
the Donaldson's invariants over them will have the same numerical value, which 
would contradict the assumption. In the above situation, one would be able 
to conclude that there are no smooth embeddings of CH into any finite-stage 
approximations CH + (n) preserving the attaching circles. 

The author would like to express his gratitude to the Max Planck Institut for 
their hospitality, during his visit. He also would like to express his appreciation 
of the referees for numerous comments and suggestions. 

1 Yang— Mills moduli space 
l.A Admissible four— manifolds 

In this section, one will construct Yang-Mills moduli spaces over non compact 
four-manifolds. We treat open four-manifolds which can admit Riemannian 
metrics and weight functions such that they are able to construct a Fredholm 
complex. 

Let Y be a non compact smooth four-manifold. Throughout this section, one 
always assumes that Y is simply-connected, and simply-connected at infinity. 

Let g be a complete Riemannian manifold of bounded geometry and w : Y — > 
[0, oo) be a smooth function. Recall that a complete Riemannian metric is of 
bounded geometry, if (1) the injectivity radius is more than a positive constant 
e > at any point, and (2) for any I > 0, sup^gy |V'i?| < oo, where V and R 
are with respect to g. Throughout this paper, we always assume that g is of 
bounded geometry, and \V l (w)\C°(Y) < oo for all I > 1. 

Let A i (Y) and A+(Y) be the exterior differentials on i -forms and self dual 
2-forms with respect to g, i = 0, 1. Then we have the Atiyah-Hitchin-Singer 
complex (without coefficient) as: 



where d + = (1 + *) o d. Using the L 2 adjoint operator (here we do not use any 
weight functions), we get the next elliptic operator: 



— ► C C °°(F;A' 



) C™{Y-k l ) ^ c c °°(y ; A* 



) 







P = d + © d* : C c °°(y; A 1 ) C C °°(Y; A © A 2 + ). 



Let us introduce weighted Sobolev A; -norms on Y by: 
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We denote these Sobolev weighted spaces by or L? w (for k = 0). Then one 
has a complex of bounded maps: 

— ► W^ +2 (Y";A°) A 1 ) ^ W£(Y;A\) — ► 

Now let us say that the pair (g, u;) is admissible, if the following conditions are 
satisfied: 

(1) The above consists of a Fredholm complex, namely each differential has 
closed range, and its cohomology group is of finite dimension as a vector space 
over R. We denote their cohomology groups by i?*(AHS), * = 0, 1,2. Notice 
that by the condition, one has L? w adjoint operators d* w and {d + )* w . 

(2) Y admits a partition Y = K U Y\ U . . . such that (a) A" is a compact 
subset and each Yj is an open subset of Y , and (b) let us put D = d^ © d + 
or d © (cL|_)^. Then there is a positive constant such that for any u G 
C™(Yj;A*), * = 1,2, one has the bound \u\W* +l < C\D(u)\W*. 

(3) For any / G C l (Y) with |df |L 2 (Y) < oo, there is J G R with / — / G 

(4) There is a compact subset AT C V and a homeomorphism V\AT = S" 3 x 
[0,oo). 

In sections 2 to 5, we will construct admissible pairs for all Casson handles 
constructed from homogeneous signed trees of bounded type. 

Proposition 1.1 Let (g,w) be an admissible pair on Y. Then .£f°(AHS) = 
fl^AHS) = and # 2 (AHS) > k = Hl(Y;R). 

Proof Clearly #°(AHS) = iZ^AHS) = by the admissibility condition (3). 
We show dimff 2 (AHS) > k. For this, one takes two steps. 

Let H 2 p (Y; R) + be a subspace of H 2 p (Y; R) consisting of vectors with f y uAu > 
0. Then H 2 p (Y;R) + is a linear subspace of H 2 (Y;M.) of dimension k, since 
the natural map I: H 2 p (Y;R) — > H 2 (Y;R) gives an isomorphism. 

Now by the above, one has dimH 2 p (Y;R) + = k. For any element u G 
C°°(Y; A 2 ), let us denote by u + the projection to part. Then one defines: 

p: H 2 p (Y;R) + ^ tf 2 (AHS) 

by assigning [u] i— > [u + ] . This map is well defined. We show that p is an 
injection. 

Suppose [u + ] = G # 2 (AHS). Then one has a G VF^FjA 1 ) such that 
u + = d + (a), or (u — d(a)) + = 0. Let us put v = u — d(a), and take the cup 
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product (v, v) = fy v Av. One can use the Stokes theorem to see | y tiA d(a) = 
f Y d(u A q) = (u is a closed form). Thus one has the equality j Y v A v = 
JyU Au > 0. On the other hand since v does not have self-dual part, one has 
J Y v A v < 0. This shows u = d(a) . This implies [u] = G H 2 p (Y; M) + since I 
gives an isomorphism. Thus one concludes dim// 2 > k. □ 

Example 1.1 In general, dimH 2 (Y;R) + and dimiZ" 2 (AHS) = ker((i + )^ do 
not coincide. One takes Y = M? x 1R 2 , where one equips the standard metric on 
M? , and the product one on Y . Let us choose a weight function w on Y . We 
show dim/T 2 (AHS) is nonzero. Let u\ and U2 be 2-forms on M 2 respectively, 
such that \ui\ = 1, i = 1,2, pointwisely. Then clearly dui = 0,i = 1,2, 
and u\ + U2 gives a self-dual 2-form with bounded pointwise norm. Then one 
puts v = exp(—w)(ui + U2) € L 2 W (Y;A+). Moreover v satisfies the equation 
d(exp(w)v) = 0. Thus v is a nontrivial element in i/ 2 (AHS). 

l.B ASD moduli space 

Let E — > Y be a G-vector bundle (where G = SO(3) or U(l)) such that 
except on some compact subset K C Y , E\Y\K is trivial. One denotes the 
corresponding principal G-bundle by P. For SO (3) -bundles, E is determined 
by W2(E) G .ff 2 (Y;Z2). In later sections, we fix a trivialization of E\Y\K . 
Thus we fix an SO (3) -bundle with W2 and p\{E). Let 4 be a smooth connec- 
tion over E such that except some compact subset on Y , it satisfies the ASD 
equation: 

F A + *F A =0 

where Fa is the curvature form of A. Let us denote by R(Y) the set of smooth 
connections as above satisfying |i ? J 4|L 2 (y) < 00. By changing a trivialization, 
one may assume \a\L 2 (Y\K) < 00 where A = d + a on Y\K . Later we always 
assume this property. If A is the trivial connection except some compact subset, 
then it is an element in R(Y) . 

Lemma 1.1 For A G R(Y), Pi(A) = f Y tr{FA A Fa) is an integer. 
In order to show this, one uses the following: 

Sublemma 1.1 |14j Let D C Y be a 5-ball with any point as the center, 
where 5 > is sufficiently small. Then there exists another small e > with 
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the following property; suppose \Fa\L 2 (D) < e. Then there exists a gauge 
transformation g over D, such that: 

su VxeD \V l {g*{A) - d)\{x) < d\F A \L\D) 

where Ci are constants, independent of A. 

Proof of lemma Let us take any small e > 0. Then there exists a compact 
subset K C Y, and a smooth gauge transformation g G C°°(Y; Aut(P)) such 
that \g*A — d\W 1 (Y\K) < e, where d is the trivial connection (Y is simply- 
connected at infinity). In order to get g, one needs to use the above sublemma 
and the patching argument. We omit to describe the process (see jll|). One 
may assume that K is a compact submanifold with boundary. Let D(K) be 
a double of K . Then using a cut-off function tp around dK , one may extend 
A' = ip(g*A) over D(K), by putting d over the other side of K C D{K). 
By the Chern-Weil theory, pi(A') is an integer. On the other hand, since 
Pi(A) — pi(A') may be arbitrarily small as above, one concludes that pi(A) is 
an integer. This completes the proof. □ 

Let us put Ad(P) = Px G 0, where <3 is the Lie algebra of G. (P x G R 3 = E). 
We also denote by <& the trivial Lie G -bundle. Then we have the Atiyah- 
Hitchin-Singer complex (AHS complex) as: 

— ► C™(Y;Ad(P)) C c °°(F;Ad(P) ® A 1 ) % C^°(Y; Ad(P) &) A+) — ► 

where d\~ = {l + *)odA - Using the l? w adjoint operator, we get the next elliptic 
operator: 

P(A) W = (d A )* w 4 : Wt + \Y; Ad(P) ® A 1 ) -> W*(Y; Ad(P) ® (A A^.)). 

Let us fix Aq G P(Y) • One defines an affine Hilbert space as: 

2l fc (P) = {A + a\a G W*(Y; AdP <g> T*Y)}, k>3. 

Let us take g G C£ C (Y; Aut P) . By embedding as j £ C^ C (F; Hom(P, P)) , 
one may consider G C°(Y; Hom(P, E) ® T*Y) . Notice that if g is locally 

W 4 , then it is of C 1 class. Now one defines the weighted Sobolev gauge group: 

&i(P) = {h G Wl oc (Y;Aut(E))\V Ao h G W^^Y; Hom(P, P) ® T*Y)}, I > 4. 
0,(P)„ = {/i G W/ oc (Y;Aut(P))|fc — id G l<- 1 (y;Hom(P,P) ® T*y)}. 

(1.1) 

First of all one has the following property of &i(P). Suppose one of the 
following two conditions; (1) G = 17(1), or (2) G = 50(3) and ,4|Y\A: G 
W£,(Y\K; Ad(P) ® A 1 ) where the trivialization of P|Y\if is fixed. Then: 
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Lemma 1.2 For each h G 0fc + i(P) , there exists h G G such that h — h G 
W%{Y\K; Aut(.E')), where h is a constant gauge transformation. 

Proof This follows from Kato's inequality, |Va ^| > d\h\ almost everywhere, 
and admissibility condition (3). □ 

The Lie algebras of &i(P) and ©;(P)o are correspondingly as follows: 
Ql (P) = {he W} oc (Y;Ad(P))\V Ao h G W l w l (Y;Kd(P) ® T*Y)}, 
Ql (P) = WUY;Ad(P)). 

Lemma 1.3 (1) & k+1 (P) acts on 2l fc (P) byg*(A +a) = g^V AoQ+g^ag . 

(2) Suppose P is a U(l)-bundle with G = U(l). Then <3 k+1 (P) acts on 
2l fe (P). 

The proof is standard, and we omit it. 

Notice that & k +i (P) may not act on 2lfc(P)o, since Aq may live only in L 2 (Y). 
Let us define: 

Tl k (P) = {A G 2l fe (P)o : F A + *F A = 0}. 
Then & k+ i(P)o acts on Vyi k (P) . Thus one gets the quotient space: 

fm k (p) = m(P)/e k+1 (P) . 

Remark 1.1 %Jl k (P) is constructed after choosing a base connection Aq G 
R(Y) and Hilbert spaces. It can be shown that this space is in fact inde- 
pendent of choice of k. However it would definitely depend on choice of Aq (Aq 
lies only in L 2 with respect to the trivialization on the end). Thus one could 
express the space as: 

m k (P) = m k (p,A ). 

Let us find a linear space which corresponds to the tangent space of 9Jt(P)k • 

Lemma 1.4 There exist natural continuous maps: 

exp: 0fe+ i(P), (^ +1 (y;Ad(P)))^0 fe+1 (P) (<& fc+ i(P) ). 

Moreover, let us put <5' fe+1 (P) (e) = {g G & k+1 (P)\\g - l\W^ +l (Y) < e} . Then 
for sufficiently small e > 0, there exists log: <8 k+1 (P) (e) — > W* +1 (Y; AdP) 
which inverts exp. One has a similar statement for exp |W^; +1 (Y; Ad(P)) . 
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We also omit the proof. 

Let us take any A G 2lfc(P)o, and consider the following continuous map: 

d A : 0k+i(P) ^W*(Y; Ad P®T*Y) 
by u — > ^:(exp(tu)A)\t = o . Locally this map is expressed as u — > du + [u, a] . 

Lemma 1.5 Suppose an admissible pair (g,w) is given. Then for the AHS 
complex, dA and d\ are closed operators. 

Proof Let us show that d A \W k+1 (Y; Ad(P)) has closed range. Let A' € 
2l,t(P) be a smooth connection which coincides with A on some compact subset 
K , and is trivial except on another compact subset. Then one has A = A' Q + a, 
a G W k (Y; Ad P<g>T*y) . Let (p be a cut-off function such that for some compact 
subsets K C K' C K" C Y, one has c^K' = 1 and ^|(K") C = 0. By the 
assumption, d: W k+1 (Y;A°) — > W^l^A 1 ) is invertible (satisfies \d(u)\W k > 
C\u\W k+1 ). Then one sees d(i_^ a is invertible by choosing sufficiently large 
K' C K" , using the Sobolev embedding, W k oc C° . Then one has the 
following estimate: 

\u\W k+1 <C(\d A (u)\W k + \u\W k ) 

< c(\d A (u)\wt + \^\w k + l(i - 

< C(|d A («)|W* + + |d(l-^)a((l - <P)U)\W%) 

< C(\d A (u)\W k + + 1(1 - tp)d {1 _ v)a (u)\W k + 

l[d (H)8I (l-^l^) 

< C(|d A (u)|W* + \ipu\Wt + 1(1 - ¥>)M«)|W*+ 

mi-, )a , (1 - <p)]u\W% + |(1 - yOfca + A' ,u]\W k ) 
<C(\d A (u)\W k + \^u\W k ) 

where ip is another compactly-supported cut-off function with Supp</3 = 1. 
The last inequality shows that d A is a closed operator (see lemma 3.1). 

Next let us consider d^. Notice that we have now the adjoint operator (d A )^. 
Then it is enough to see d^(kei(d A )l n W k+l ) C W k (Y; Ad(P) ® A 2 + ) has 
closed range (see lemma 1.6 and lemma 3.1). Let us put D = (d A )* w @ d\. 
Then using admissibility condition (2) and the above argument, one gets a 
similar inequality < C(\D(u)\W k + |^>u|W^) where a cut-off function 

ip has compact support. In particular D: W k+1 — > W k has closed range. 
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Let us take u G W* +1 (Y) Ad(P) <8> A 1 ) with (d^)^) = °- Then b y the above 
two facts, one has a similar inequality: 

\u\Wt +l <C{\d\{u)\Wt + \MWt)- 
This shows that dt also has closed range. This completes the proof. □ 

Corollary 1.1 Let A G 2l fc (P) . Then the AHS complex 

o — » Ad(p)) w*(y ; Ad(p) ® a 1 ) 

W*- 1 ^; Ad(P) A+) — ► 
is a Fredholm complex of index -2pi(P) + 3 (dim P 1 (AHS) - dim P 2 (AHS)) . 

The index computation uses the excision principle, or relative index theorem 
|2L)| . One can also use [2] and the method in section 5 here. One denotes their 
cohomology groups by P^(AHS), * = 0, 1, 2. 

Let us consider the restriction: 

d A : W* +1 (Y; Ad P) -> W*(Y; Ad P®T*Y). 

By the above corollary, one may consider the adjoint operator: 

{d A )l ■■ w*(y ; AdP ® r*y) -> Ty^- 1 ^; AdP). 

One understands (cZa)™ m the geometric way as follows. Let us take A G 
2lfc(P)o- Then one has the 'tangent space' of 2tfc(P)o/®A:+i(P)o at [A]: 

W k (Y- AH P 6S T*yl 

wl ' . ^ker(d A ); : W*(Y ; Ad P®T*Y)^W*- 1 (Y; AdP). 

d A (W* +1 (Y;AdP)) 1 /m M ' w y ' 

Let us take a smooth family of connections A(t) G 2lfc(P)o , t 6 [0, 1] . Then one 
has: 

= (^4(0) + *d A (o))B = d+ (0) P 

t=o 



A{t) 



dt 



G W^(Y; AdP(g>T*y). Notice that near infinity, P A(t) can 



where B = dA ,{^ 

dt t=o 

be written as dA(t) + A(t) A A(t) . Each A(t) can be written as A(t) = Aq + at , 
where at G W^(Y"; Ad P ® A 1 ) . Since = 0, one sees that P^ is a smooth 
family in W^ _1 (y; AdP® A+). Now one gets the 'tangent space' of 97tfc(P) at 
[A] as: 

ker (d A )* ©4: W^(K; Ad P ® T*y) W^-\Y; Ad P <g> (A © A 2 )). 
In particular this space is isomorphic to P^(AHS) which is of finite dimension. 
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Lemma 1.6 ker d A : W k+l {Y; Ad(P)) -> Ad(P) (8) A 1 ) is zero. 

Proof This follows from Kato's inequality, (V^u) > \d\u\\ almost everywhere. 
Notice that there are also no L 2 functions u with (Ia{u) = 0. This is also 
seen as follows: Suppose u G L 2 (Y";Ad(P)), \u\L 2 = 1, satisfies d A (u) = 0. 
Then for g = exp(u) G ©, one has g*{A) = A. Then it is known that for 
any path / between p and g in 7, one has p o g(p) = g(g) o p, where p 
is the parallel translation along I. Let g ^ oo. Then g(q) approaches to 
the identity. On the other hand since p holds the inner product, one has 
( p l(g(p){u)), g(q)(Pi(u))) q ~ (g(p)(u),u) p . This shows that g(p) is near the 
identity. This impossible. This completes the proof. □ 

Let us consider Wl k (P) = 9Jtfc(P)o/$fc+i(P)o 5 and show that under some as- 
sumptions, this space is a finite-dimensional smooth manifold. For A £ 2h.(P)o, 
let us put: 

CG\ = {A' G % k (P) \(d A y w (A' — A) = 0}. 
/: CG\ x (5 fc+ i(P)o -> a fc (P) ; (A 5) ~ 3* A 

Let us calculate dl at (A, id). If u G Ad(P)) and v G W^(y; Ad(P)® 

A 1 ) , one has: 

— (exptu)*(A + tv)\ t =o = d A u + v. 

Thus dl is given by: 

dl = \®d A : ker{d A )* w r\W*(Y; Ad P®T*Y) x W^ +1 (^;AdP) 

-»• W^(y ; Ad P®T*Y). 

Since c2a has closed range, it is clear that the above map is an isomorphism at 
every (A, id). 

Corollary 1.2 There are neighborhoods U C 2lfc(P)o of A and V C © fc+ i(P) 
of id such that: 

I: UDCG k A x V ^2l fe (P)o 
is a homeomorphism into its image. By restriction, 

p. unCG k A (P)nm k (P) xv ^m k (P) 

is also a homeomorphism into Wl k (P)o. 
Now one has the following: 
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Proposition 1.2 Suppose d\: (Y ; Ad P <g> T*Y) -» W^ 1 (Y '; Ad P ® A 2 + ) 
is a surjection for A £ M k (P) . Then Wl k (P) = 9R k (P)o/® k+1 (P) is a finite- 
dimensional smooth manifold at [A] . Its tangent space is naturally isomorphic 
to ker d\ /imd^. 

Proof This follows from the general facts on group actions |14| page 48] . From 
the above corollary, it is enough to verify that the above / gives a slice for the 
projection: 

m k (p) -h. m k (p) = wi k (p)o/<5 k+ i(P) . 

These can be verified by bootstrapping as We omit to write it. □ 
l.C Perturbation of Riemannian metrics 

In order to construct smooth moduli spaces, one uses KUhlenbeck's generic 
metric theorem. Let (g,w) be an admissible pair for Y. Let us choose a 
smooth map h: Y — > [0, oo) with h{x) > ^(x). Then one introduces the 
following Banach manifold: 

£ = {(f) g C l {Gl(TM)) : limsup i ^ =0 e' 1 \V j ((j}*g - g)\ K = 0, K compact}. 

Let us take and put g' = (j)*g. Then one has the AHS complex with 

respect to g' : 

_^ W*+\(Y,g f ); A ) W*((Y,g f ); A 1 ) *^ Wt~\{Y, g'); k%) — > 0. 

One sees that this is a Fredholm complex with the same index as the unper- 
turbed one. Our aim in this section is to show the following: 

Proposition 1.3 Suppose Y is indehnite. Then by a small perturbation of 
the Riemannian metric, one has no orbit of reducible connections in 9Jt k (P). 
In particular 9Jt k (P) is a smooth manifold. 

In order to verify this, we follow [Tl|- Let us take any I? ASD connection Aq 
over Y, and consider 2l fe (P) = {A) + a\a G W*(Y; Ad(P) <8 A 1 ). Then one 
introduces a & k+ i(P)o equivariant map: 

P+: Vl k (P) x£^WtH(y,9);K) 

by P+(A,(j)) = P + {g){4>~ 1 (Fa)) , where P+(g) is the projection to the self dual 
part with respect to g. Notice that this map is well-defined since Aq is L 2 ASD 
with respect to g. Let us put Wl k (P) = PT (0). 
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Proposition 1.4 Q3] Tl k (P) (~)%(P) x £/<8 k+1 (P) is a smooth Banach 
manifold. 

Proof We sketch its proof. First we see that dP+ is surjective at any (A, ip) 
with P+(A, ip) = 0. Then it follows that DJtk(P) is a Banach manifold on which 
&k+i(P)o acts. Then as before by making a slice for the action, one gets the 
result. 

Let c be the Lie algebra of C Then dP+ splits as: 

dP + = diP+ © d 2 P+ : W*(Y; Ad(P) ® A 1 ) © c -> W* -1 ^; Ad(P) ® A* ), 

where dxP + (a) = P+( 5 )(^- 1 (d A (a)))|(n, </>) , and d 2 P+(r) = F^for 1 )*^))- 
We show that the differential of P + is surjective - notice that 

ker d A n W* +1 (Y; Ad(P)) = 0. 
Let us consider the AHS complex: 

— » W* +1 (Ad(P)) ^ W*(Ad(P) A 1 ) W^- 1 (Ad(P) © A^ ) _> 0. 

Since this is Fredholm, one sees dP+ has finite codimension. Let us take a 
representative u G cokerdP + with (d\)*(u) = 0. Then one has (d\)*(e w u) = 0. 
Then one has the equations, gU(Fa) = d* A {FA) = ^a(^) = d* A (v) = 0, where 
v = (p*(e w u). Then the same argument as [141 page 56] shows that on an open 
dense subset of Y , Fa can be expressed as a © a € h? + <S> Ad(P) , with |a| = 1 
(pointwise norm) and dA{o) = 0. By the irreducibility, it follows a = 0, which 
contradicts to non triviality of p\ (P) . This completes the proof. □ 

Proposition 1.5 Let us fix Aq, an I? ASD connection with respect to g. 
Then for a Baire set of <p G (£, there are no reducible connections in 2l&(P)o 
with respect to <f>* (g) . 

Proof Suppose Aq is reducible and denote the corresponding U(l) -connection 
by the same Aq. Let P be a G = J7(l)-bundle. Then, similarly to before, one 
puts: 

K k (P) = {A + a\aeW*(Y;A 1 )}, 

® k+1 (P) = {heWf o tHY-Aut(E))\h-ideW* + \Y;T*Y®C)}. 

Then &k+i(P)o acts on 2tfc(P)o- Now, as above, one considers P+ : 2lfc(P)o X 
£ -> W^ _1 ((y,5'); A +)- As Q31, if is not surjective, then it follows F Ao = 
0. This shows that dP + is surjective. 



Qeometry & Topology, Volume 8 (2004) 



ASD moduli spaces over four-manifolds with tree-like ends 



797 



Now one has a smooth Banach manifold Wlk(P) = P7 (O)/0fc+i(P)o • Let 
us consider a Predholm map between Banach manifolds W: DJtk(P) —*■€■. Its 
Fredholm index is the one of the following: 

_^ w£, +1 (Y;A°) W*(Y; A 1 ) ^ W*- 1 ^; A 2 + ) — > 0. 

One has #°(AHS) = JT^AHS) = 0, and # 2 (AHS) > This is also the case 
when one perturbs the Riemannian metrics slightly. In particular, if b\ > 0, 
then one has dimH 1 — dimH 2 < 0. Then the Sard-Smale theorem shows 
that for a Baire set of (£, there are no L 2 ASD connections over nontrivial line 
bundles. This shows that there are no orbits of reducible ASD connections in 
SDTfc (P) , for a Baire set of £ . This completes the proof. □ 

Let us put the projection tt: St%(P) — > £. Then the direct application of ^1] 
to this case shows: 

Corollary 1.3 E] Suppose b\ > 0. Then a Baire set of (j) G £ exists such 
that %Jlk{4>) = 7r_1 (0) are smooth Unite dimensional manifolds. 

2 A complete Riemannian metric on int VK 

Roughly speaking the set of the anti-self-dual connections modulo equivalence 
forms a finite-dimensional manifold, in the case when the base four-manifold is 
closed. Then dimension is equal to the Fredholm index of the elliptic complex, 
the Atiyah-Hitchin-Singer complex. One may make a Fredholm operator for a 
four-manifold with boundary, using suitable complete Riemannian metrics on 
its interior. In this case one uses the weighted Sobolev spaces on the elliptic 
operator. For our purpose this is a basic construction, and later we will use 
infinitely many such open Riemannian manifolds. In fact by gluing out all of 
them iteratively, we will get another complete Riemannian manifold such that 
the Atiyah-Hitchin-Singer complex becomes Fredholm between the weighted 
Sobolev spaces. The aim in later sections is to construct admissible pairs over 
Casson handles of bounded type. 

2. A A specified embedding of Wo into W N 

Let Wo be a compact manifold with boundary of arbitrary dimension n. Let 
us choose compact submanifolds with boundary M\,No C dWo of the same 
dimension, with empty intersection, M\ n A^o = 0. Suppose M\ and A^ are 
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diffeomorphic to each other, and denote Wo = 'rntWo U M\ U A^ . Let us take 
a countable number of Wq and index them by Wq = Wq, i € Z. Then one 
constructs an open manifold Y by L)Wq identifying M\ with A^ 1 : 

y = ...^u M ^ +1 ^ +1 u... 

There is a natural smooth Z-action on Y, and we call Y a periodic open 
manifold. There are obvious notions of periodic vector bundles over Y , and 
periodic differential operators over E. 

In order to define (weighted) Sobolev spaces over Y we need, first of all, a 
complete Riemannian metric on int Wq which extends to the one on Y . We 
recall an explicit picture of end-connected sums along Mi and A^. Let us 
choose smooth embeddings: 

7(7'): Mi(JVo) x [0,oo) ^ dW x [0,oo) C int W . 

Then we have the following equality (at this stage it is C°° sense, by smoothing 
corners): 

int Wq\\ int Wo = int Wq\ im 7 U int Wq\ im 7' 

where we identify dM 1 x [0, 00) U Mi x {0} with dN x [0, 00) U N x {0}. 
In order to make this construction compatible with the metric on int Wo , we 
choose a particular style of Riemannian metric on int Wo as follows. Let us 
choose an embedding: 

/: W ^R N+2 
with the following six properties: 

(1) Let us choose a small neighborhood of dWo in Wq and identify it with 
dW x [0, e] = W (e) , dW = dW x {0} . Then for any r G [0, e] , we have the 
following: 

Wo n R N+1 x [0, e] = W (e), W (e) n dW x r C R N+1 x r. 

(2) For a smaller e' < e, p({W (e') (1 dW x r}) C M Ar+1 is independent of 
r € [0, e'] , where p: R N+2 — > IR^" 1 " 1 is the obvious projection. 

(3) 7|Wo\Wo(e) is a C°° embedding (ie without corners). 

(4) Let Mi and iVo be tubular neighborhoods of Mi and iVo in 8Wq re- 
spectively. As before we identify small neighborhoods of dM\ and dNo with 
dM 1 x (0, 5] = Mi (5) and dA^o x (0, <5] = N (S) respectively. Then we have the 
following: 

(a) Mi and A^o are diffeomorphic to Mi and A^ respectively, 
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(b) dW n R N x {0} = Mi, dW f]R N x {1} = N , 

(c) for < r < 6, Mi(6){1M. n xt and iV (<5)nR Jv x{l-r} are diffeomorphic 
to dM\ and ONq respectively. 

(5) W (e) n#xrx[0, e] and W (e) n 1^ x {1 - r} x [0, e] , r e (0, 5] , are 
difFeomorphic to dM 1 x [0, e] U M 1 and dN x [0, e] U N respectively. 

Moreover W (e) D 1^ x r x [0, e] C R^ x {0} x [0, e] and W (e) nR^xjl- 
r} x [0, fjcM^x {0} x [0, e] are independent of r. 

(6) Let us denote Mi(t) = W {e) D R N x {r} x [0, e] = {(a,b,c) G Mi((S) n 
R N x R x R}. We have similar notations for No. Then we have Nq(t) = 

M}(r) = {(a, 1- 6, c)|(o, 6, c) € Mi(r)}, r€(0, 6]. 

Let us denote = W \W nl^x {0, 1} x [0,e]. Then I\W& is a smooth 
embedding with corners. Let us denote by go the Riemannian metric on Wq 
induced from the standard one on R w+2 through I. Notice important proper- 
ties of go ; for e' < e : 

SDlWo(e') = (g \dW ) x dy 2 , ^IM^O,*]) n W (e') = {jg^dM^) x cfe 2 x dy 2 

where we have the coordinates (t,x,y) € R w x R x R. We have a similar 
expression for <7o|-Wo(<S)- 

Now we define the desired Riemannian metric on int Wo as follows. Let us put: 

Wq = Wq U [3W \{Mi U N }] x (-oo, 0] U 

[dMi x (-oo,e] U Mi x {e}] x (-oo,0] U 

[dN x (-oo,e] U N x {e}] x [l,oo). 

Clearly Wo is diffeomorphic to int Wo ■ On the other hand, by the above re- 
mark, there is a natural extension of go to g\Wo- This is the desired complete 
Riemannian metric. Later we will use the following notations. Let us choose 
large t>0 and s>0. Then we denote: 

W (t) = [cW \{Mi U Nq}] x {-t} 

U <9Mi x {-<} x (-oo,0] 

U dN x {-t} x [l,oo), (2.1) 

Mi(s) = {dM 1 x (-oo,e] UMi x {e}} x {-s}. 

We denote Mi([So, S\]) = U se [5 5 1 ]Mi(s). We have a similar notation iVo(s). 
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2.B Casson handles as Riemannian manifolds 

Let us generalize the previous construction over the triple (Wo, Mi, No) as fol- 
lows. Suppose we have n + 1 submanifolds Mq, Mi, . . . , M n in dWo such that 
they are disjoint from each other, Mj n Mj = 0. Then by choosing an appropri- 
ate embedding I : Wq , one can construct a complete Riemannian metric 
on hit Wo as 2. A. Then one expresses this as W n : 

W n = W 'U [dW \ Ui Mi] x (-oo, 0] U< [SMj x (-oo, e] U Mj x {e}] x (-oo, 0]. 

Let E be a Riemann surface of genus g > 1 , and E be its solid Riemann surface. 
Thus E is a three-manifold with boundary E. Let us put W g = E x [0, 1] , and 
take g embeddings of S* 1 x D 2 into dW g which represents a generating set 
of iti(W g ). We denote their images by M 1; . . . ,M g . One may assume that 
all Mj and Mj are disjoint. A kinky handle with k kinks is expressed as 
(Wk, N , Mi, ... , Mfc) , where iVo is another embedding of S 1 x D 2 into dWk ■ 
The isotopy type of Nq is determined by the sign (±, ■ • • ±) (k times). There 
are exactly k + 1 diffeomorphism types of kinky handles with k kinks, since the 
diffeomorphism type of the kinky handle is invariant under permutation of the 
signs. 

A Casson handle is constructed by taking end connected sums of kinky handles 
infinitely many times. It is expressed by an infinite tree (embedded in M 2 ) with 
additional information. Let us introduce the following: 

Definition 2.1 Let T be an infinite tree with only one end point * . T is said 
to be a signed tree if every edge e is assigned one of + or — . 

Let n(v) + 1 be an integer which is the number of edges of T with common 
end-point v . A signed tree T is said to be of bounded multiplicity if there exists 
a constant C with C > n(v) for any v £ T. 

Any tree with one end-point * admits a natural distance from *. One will 
denote it by | | . Let T be a signed tree with one end-point * . Let us take 
any vertex v £ T . Then there exists a unique edge e on T such that one of the 
end-point of e is v, and the other v' satisfies \v'\ < \v\. To specify this e, one 
denotes it as e(v). Let us denote finite subtrees by T v = ujf^Jej, where all the 
edges ej has v as one end-point, and eo = e(v) . Recall that each ej is assigned 
with ± . Since ej , 1 < j < n(v) , are all assigned one of ± , the set {ei , . . . , e n < v ) } 
determines an isotopy class of smooth embedding Nq = S 1 x D 2 ^ dW n t v ) , 
where W n r v \ is diffeomorphic to T, n ^ x [0,1] and e(v) corresponds to No- 
This class determines a diffeomorphism type of a kinky handle. Thus every 
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T v corresponds to data (W n ^, Nq, Mi, . . . , M n ^) , a kinky handle with n(v) 
kinks as described above. In particular one may assign a complete Riemannian 
manifold W v for every vertex t)£T. 

Let us take an edge e with end-points v and v' , and assign a large number 
S S> 0. Then one can make end-connected sums of W v with W„/ as: 

WAe,sW v = W*\M e ([S,oo))\\W v \N v ([S,oo)). 

One will also denote the set (T, S) by T , and also call it a signed tree. For every 
e, one may connect W v and W v > as above. By iterating these end-connected 
sums for every edge, one gets a complete Riemannian four-manifold CH(T) . 
The diffeomorphism type of this space, is the Casson handle corresponding to 
T. 

We denote (Wo, Nq, M\) as the simplest kinky handle. Then Y(S) is a periodic 
Riemannian four-space: 

Y(S) = U je zWi([-S,S}), CH(R + ) = Y(S) = U j&i W*([-S,S\) 

where W^([-S,S\) = W$\N Q ([S, oo)) UMi([5,oo)), and one enumerates the 
same Wq by Wq , jeZ. Even though CH(R + ) has very complicated smooth 
structure, Y(S) is diffeomorphic to M 4 , and so it would not appropriate to 
write it as CH(R) . 

Let (Wi, Nq, M±, . . . , Mi) be a kinky handle with I kinks. Then one defines the 
following another Riemannian manifolds. Let us choose any 1 < j < I, say 
j = 1. Now one defines: 

V(S, Oo = W^NodS, oo)) UU M k ([S, oo)), 

y(5,Z, 1) = V(S,l) Q U l J=2 U Mj{s ^ No{s) Y(S) Q \N Q ([S,oo)), 

Y(S, 1, 1) = Y(S, I, 1)q/N (S) ~ Mi(5), (2.2) 

j, i) = u jGN u M i (s) ^- + i (5) y(s, i, i) 3 , 
?(s, i, i) = u j6Z u M , (s) ^ +1(5) y(5, /, i)j. 

There is an infinite signed tree with a base point (7] i i)o such that y(S", /, l)o is 
diffeomorphic to CH((T lA ) ). 

Let us take / half- lines R + , . . . R + (I times) where on each M + the same sign 
is given. Signs on two different half-lines may be mutually different. Then one 
identifies all R+ at . The result is a connected signed infinite tree with a base 
point. One denotes it by Tq. (T/ j i)q can be expressed as M + UjgN {Tq~ 1 )-' , 



Geometry & Topology, Volume 8 (2004) 



802 



Tsuyoshi Kato 



where (T^y are the same (T^ 1 ) indexed by j G N, and on R_|_ the same 
sign is given. 

Let us define: 

Y(S, I, m, 1) = Oo Uj =2 U^ (5) ^i (5) ?(^ m, 1) , 

Y(S,l,m,l) = Y(S,l,m,l) /N (S) ~ Mi(5), 

~ ■ (2-3) 

F(S,l,m,l) = Ui6NU M j (s) ^+i (s) F(S,l,m,l) J , 

Y"(5, /, m, 1) = U jeZ U M . (s) ^'+i (5) V(<S, /, m, 

Similarly one has /,m, l)o = CH((Ti trrtt i)o) . Let us take signed infinite 
trees (T mj i)o, . . . , (T mj i)o (/ times). Then one identifies all (T mj i)o at 0. The 
result is a connected signed infinite tree with a base point. One denotes it by 
(T mj i)g. As above, (7j jmj i)o can be expressed as R + Uj e N [(Tm.,i)o _1 p , where 
[Pm,i)o -1 F are the same {T„ h if^ 1 indexed by j € N, and on R + the same 
sign is given. Similarly one uses a notation (Ti jmj i)o, which one identifies k 
(2],m,i)o at 0. Then using this, one can obtain (T^^^o by a similar method. 

By iteration, one obtains Y(S, I, to, n, 1) and Y(S, I, m, n, l)o = CH((Ti m n ^)o) 
as above. Inductively one can obtain Ci7((T nij ... jTlfc) i)o) by iteration. One calls 
(T ni ,...,n k ,i)o a homogeneous tree of bounded type. 

Let n = {m, ri2, ■ ■ ■ , ni, . . . } be an infinite set of positive integers. One can iter- 
ate the previous construction infinitely many times. Then one gets a complete 
Riemannian manifold: 

CH((T W ) ) = CH((T nun2: J ) 

where we call (Tn)o a homogeneous tree. If there is a bound C with rij < C 
for all j , then we call it a homogeneous tree of bounded multiplicity. 



3 Some properties of elliptic operators over Wq 
3. A Spectral decomposition 

Throughout this paper, one uses the following lemmas. Let P be an order- 1 el- 
liptic differential operator over a complete Riemannian manifold W of bounded 
geometry. Let w be a weight function over W and weighted Sobolev A: -norms 
on W by |«|W^ = / ex.p(w)\V l u\ 2 vol) 2 . Thus one has a bounded map 

P: W* +1 (W) — > W*j(W). Let us denote by P,* the formal adjoint operator 
with respect to the weighted L? w inner product. 
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Lemma 3.1 Suppose Spec A = P^ o P is contained in [A 2 , oo) for some A > . 
Then P : W!^ +1 — > Las closed range. 

Similarly P^ : W^ +1 — > aiso has closed range. 

Proof Let us consider the first statement. One verifies this by induction. Let 
k = and let {u^} be a sequence in with |P(uj)|L^ — > 0. Since one has 
the estimate \P(u)\L 2 w > X\u\L^, one sees |uj|l4 — > 0. Moreover by the elliptic 
estimate: 

|«|W* +1 <C fc (|P(u)|W* + |«|W*), fc>0 

for some constants Ck, one concludes |-Uj|W^ — > 0. This shows the result for 
fc = 0. 

We show by induction that if a sequence {ui} in W^ +1 satisfies |P(uj)|W* — > 0, 
then |«i|W* — ► 0. Then by the elliptic estimate, one gets the conclusion. 
Suppose the result holds for k < fco, and take a sequence {uj} in w itla 
|P(iii)|W*° +1 0. Then since \P(ui)\W£° also converges to 0, one knows that 
|«i|W^° converges to by the induction hypothesis. By the elliptic estimate, 
one gets the result for fco + 1. This completes the proof of the first statement. 

Next let us consider the second statement. Let H 1 - C l? w be a closed subspace 
which consists of the orthogonal complement of H = P(W*) C L^. Notice the 
following relation: 

A(w* +2 ) = p:(Hnw* +1 )cw*. 

Now let {vi} be a sequence in H n W 1 , with |P^(ui)|L 2 — > 0. Since one may 
express = P(uj) for Uj G W 7 ^, one has |A(«j)|L^, — > 0. Thus one has 
l^il-L 2 — > 0. Then by Cauchy-Schwartz, one has the estimate |P(uj)| 2 L^ < 
|A(uj)|L 2 |ttj|L 2 . This shows l^il-Z^ — > 0. By the elliptic estimate, one sees 
|vi|W^ — > 0. Then by proceeding similarly as above, one verifies the conclusion 
by induction. This completes the proof. □ 

Let W and w be as above, and consider an elliptic complex: 

— >E Q ^E 1 ^E 2 — > 
over vector bundles on W. 

Lemma 3.2 (1) Suppose d : W% +1 (E ) -> W*(Ei) has closed range, and 
ker do = . Then there exists a constant C such that: 

\(d y w od (u)\W^E )>C\u\W* +2 (E ) 
Qeometry & Topology, Volume 8 (2004) 



804 



Tsuyoshi Kato 



for any u. In particular (do)^ o do gives an isomorphism. 
(2) Suppose the corresponding bounded complex: 

__> Wt + \Eo) ^ W^, +1 (E 1 ) ^ Wt{E 2 ) — 

satisfies the following; (1 ) do and d\ have closed range, (2) the first cohomology 
group ker d\j imdo = 0, and (3) ker do = 0. 

Then for P = (do)* w © d\ and A = P* o P, one Las Spec A C [A, oo) for some 
positive constant A > 0. Moreover (di)^ has closed range. 

Proof (1) Suppose the contrary, and take a sequence {ui} C W 2 with | (do)^° 
do(itj)|L^ — > 0. Then by Cauchy-Schwartz one has a convergent sequence 
\do{ui)\Llj —> 0. Then by the elliptic estimate, one has |rfo(«i)|W^ — > 0. By 
closedness and the open mapping theorem, this shows existence of non-trivial 
kernel. This is a contradiction. The rest of the proof follows by induction. 

Part (2) follows from (1) and lemma 3.1. This completes the proof. □ 

Let us use the above notations. Let us put H = L^(Ei) n (kerdi)- 1 -. Let us 
consider restriction of A = (di)* w o d\\H . 

Corollary 3.1 Suppose do and d\ has closed range as above. Then Spec A\H 
is contained in [A, oo) for some positive A > 0. 

3.B Analysis over W 

Let us take the complete Riemannian manifold Wo in 2. A. Let us take a smooth 
function w : Wq — > [0, oo) . Then as before one has weighted Sobolev k norms 
on Wq by |«|W* = f exp(u/)| V l u\ 2 vol) 2 . Then we have the Atiyah- 

Hitchin-Singer complex (AHS complex) as: 

_> W* +2 (W ;A°) -±> W^ +1 (W ; A 1 ) ^ W*(Wb;A*) — 
where d + = (1 + *) o d. 

Let M be a complete Riemannian 3 manifold without boundary, but possibly 
be non-compact. We have in mind M = Wo(t),No(s) or M\(s). Let g be a 
Riemannian metric on M , and denote also by g the product metric on Mxl. 
Let A 1 (M x R) and A+(M x R) be the exterior differentials on 1 forms and 
self-dual 2-forms with respect to g. Then we have the natural identification: 

A X (M x R) = p*(A 1 (M)) ©p*(A°(M)), 
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Al(M xR)= p*(A 1 (M)) 

where p: M x R — > M is the projection. The isomorphisms are given by: 

u + v dt <-> (n, i> ) , *Mti + u A <-> u. 

Let us put X = M x R. Using the I? adjoint operator (here we do not use 
any weight functions), we get the elliptic operator P = d* © d + : A 1 (X) — > 
A°(X) © A+(X). Using the above identification, this is expressed as: 

P = d*®d + : p*(A°(M)©A 1 (M)) ^p*(A°(M)©A 1 (M)). 

Let us use t as the coordinate on R. Then by a straightforward calculation, 
one has the following expression: 

p __± (*ud d\ _ _d_ 

Notice that Q is an elliptic self adjoint differential operator on L 2 (M; A°(M) © 
A 1 (M)). Notice that if M is closed, then Q is not invertible (one has constant 
functions). When M is non compact, may be contained in the spectrum of 
Q , even if there are no kernels for Q . 

Let us introduce a weight function r on X as follows. Let M be possibly 
non-compact as above. Let us choose a positive number 5 > which will 
be specified later, and choose a smooth proper function r' : R — > [0, oo) with 
r'|R\[-l,l](t) = <5|t|. Then we define r: Mxt^[0,oo) by r(m,i) = r'(i). 
Let us introduce weighted Sobolev fc norms on X by: 

\u\W? = (^i< k J exp(T)\V l u\ 2 vol 

We denote these Sobolev weighted spaces by or l? T (for k = 0). Then one 
defines an isometry: 

/: L 2 (X,p*(A° © A 1 )) -> L 2 T (X,p*(A° © A 1 )) 

by /(n) = exp(— ^)n. Then one has the equality: 

1 dr 

r 1 PI = P+ W k+1 (X;p*(A° © A 1 )) — > W k (X;p*(A° © A 1 )). 

— ■ CiC 

Let cZ* be the L 2 adjoint operator, i.e. (u, cZ(v )) \L 2 = (d*(u),v)\L 2 ., and put 
P T = d* © d + . Then we have the following expression: 

r-i p j — d ,(*Md d\ \dr_ d 
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We recall the definition of Wo(t) or Mi(s),Nq(s) in the last paragraph in 2. A. 
Practically we will apply the next lemma for M = Wq (t) . Let us consider the 
operator: 

Qs = (* M ^ + * ^ : W k+1 (M,A 1 © A ) -> VF fe (M, A 1 © A ). 
Notice that Qs coincides with Q T above for t > 1 . 

Lemma 3.3 Suppose M is a closed Riemannian manifold. Then for a small 
5 > and k > 0, Q<5 gives an isomorphism. 

Proof Let us take (u,t>) <E W k+1 (M,A 1 ©A ), and put Q s (u,v) = (x,y). 
Then we have: 

*d + - I u + dv = x, d*u — —v = y. 



For convenience, we recall * 2 u = (— l)P( n p )u, cZ*u = (_i)«p+"+ 1 * * u for a 
p-form m on an n-dimensional manifold. Then from the above, we have: 



S I ( S \ 2 \ $ 



d* *du+ -d*u + cfcft; = d*x= y y-j + <f dj u + -y. 
Thus we can solve v from (x, y) as follows: 



Next we have the following equality: 

6 
2 



* 2 du H — * it + *dv = *x = du H — * u + *dv. 



d*du + -d* * u+d* *dv = d* * x 

= d*du + - * du = d*du + - ^x — —u — dv 
Then from this, we have the following equation: 

^d*d - ^0 ^ u = - ^(x - dv) + d* * x, 
dd*u = 2^ v + dy. 



(3.1) 



(3.2) 
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Thus one can again solve u as: 

u = ( A — ( ^ ) ] ^dy + d* * x — ^x + 5 dv 

It follows that there is a constant C = C(M) such that Special > C(|) 4 . 
Notice the following inequalities: 




\(u,v)\W k+1 <C<(£) 



-2 




(u,v) 



W k ~ 1 



(3.3) 

(\x\W k + \y\W k ) <c(|J \Qs(u,v)\W k . 

In fact one may assume that C only depends on sup 0<K2 sup^g^ |V'-R|(x) , 
where R is the curvature form with respect to the Levi-Civita connection. 
This completes the proof. □ 

Let {P T )* T be the formal adjoint of the Sobolev weighted spaces. Then one 
considers the same analysis for (P T )*- Notice the equality: 

(r 1 o p T o /)* = /- 1 o (p T y T o /. 

Thus one can analyze an operator of the form P* = ^ + Q$, since Qs is 
self- adjoint over M . 

Let us take a smooth (non-proper) function: 

r: W -> [0,oo) 

which is horizontally constant, namely for some positive constant 5 > we 
have r|Wo(t) = 5t for t > 0. Using r, one defines weighted Sobolev spaces 
W*((W ,g),A*). One has the expression P r |Mi([0, oo)) = -j- s + Q T > where: 

is an elliptic operator over M±(s), and r' = r|Mi(s) is its restriction. It follows 
that Q T i has closed range with empty kernel. We do not use this fact later. 
In this case one can not see whether P T defined above is Fredholm or not, 
since one has no simple statement as above for the weighted adjoint operator 
(Q.OMW^M^A 1 ). 

Let us take another weight function jjl: Wq — > [0, oo), with fj,\Mi(s) , Nq(s) = 
S's, where we choose a sufficiently small < 5' 5. Let us put: 

w = t + fi: Wq — >■ [0, oo). 



Geometry & Topology, Volume 8 (2004) 



808 



Tsuyoshi Kato 



We call w a weight function with weight (5, 5') . Let us use w as the weight 
function. Then one obtains a bounded operator: 

P w = d* w ® d+ : v^ +1 (Wo; A 1 ) -> w*(Wb; A e A%). 

Passing through the isometry I: I? — » L^, /(u) = exp( — ^)u, P^ has the 
following expression on Mi([0, oo)) and A r o([0,oo)): 

r _! „ T d (*d d\ 5' (\ \ 9 ^ 

On the other hand one has another expression on Wo([0, oo)): 
t-1 n r 9 (*d + i d\ d „ h 

3.C Decay estimate 

Let M be a (possibly non-compact) n -dimensional Riemannian manifold of 
bounded geometry. In practice M stands for Wo(t) (or Nq(s), M\(s) ). Let us 
take a smooth function fx: M — > [0, oo). Let £ and F be vector bundles over 
M , and take an elliptic operator: 

Q: W^\M;E)^W*{M;F). 

Let us choose r : MxK-> M + by r(m, t) = 5\t\ for |t| > 1, and put w = T+pL. 
Then one considers the following operator: 

P=-j^+Q: W* +1 (M x R,p*E) -> W*(M x M;p*F). 

Let P^, be the formal adjoint operator with respect to the weighted inner prod- 
uct. Then P^P admits a spectral decomposition. For u £ W^{M x M.,p*(E)), 
we denote Specu G [0, e] if u lies in the image of the spectral projection 
<P([0,e]). 

Suppose the above Q is a Fredholm operator, and is self adjoint with respect 
to the weighted L 2 ^ inner product. 

Proposition 3.1 |HJ ECU HE] -For sufficiently small 5 > 0, the above P is 
Fredholm. Moreover if Q is invertible, then one may choose 5 = 0. In particular 
P is also invertible. 

Suppose Q: W£ +1 (M;E) -» W^{M;F) has closed range with kerQ = 0. Let 
us put A = Q*^ o and choose a positive constant Aq > with Spec A € 
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[Aq,oo). Then under the above condition, one has the following; for any 
small e <C Ao , there exist positive constants C,5q > such that for any 
u G W k+l (M x ~ML,p*E) with Specn G [0, e] for P^ o P } we have the following 
decay estimate: 

\u( ,t)\Ll(M) < C exp(-5 \t\)\u\Ll(M x [0,oo)), t > 0. 

Proof The first statement follows from the decay estimate. Next let us take 
u as above, and denote its slice on M x s by u s . Let us put a smooth function 
/: M — > [0,oo) by f(s) = J M e~x.p(/i)\u s \ 2 . Then by differentiating, one has the 
inequalities: 



/"(*) = 2 
> 2 



ex.p(p){u' s ,u' s ) + / exp(^)(n' s ',M s 
:;/ ./A/. 

exp^u)^,^} + / exp(^)((A - e)u s ,u s ) 

M s J M s 



(3.4) 



> 



2 / exp(/i)((A - e)n„ « s > > 2(A - e)/(s). 

J M s 



Thus one has differential inequalities f" > Ao/. From this, one can get the 
desired estimate. This completes the proof. □ 

Let Y be a complete Riemannian four-manifold such that except for a compact 
subset K C Y, Y\K is isometric to 1^(0) x [0, oo) where Y(0) is a closed 
manifold. Let us equip a weight function r: Y — > [0, oo) by r|Y(0) x t = St. 
Let /: L 2 (l") ^ be the isometry. 

Corollary 3.2 [23] The corresponding: 

P = r 1 P T I: W^iY-^ 1 ) ^W k (Y;A° ®A 2 + ) 
gives a Fredholm map. 

Proof This is well known, but for convenience we recall the proof. Let us take 
a cut-off function <p\Y with (£>|Y(0) x [1, oo) = 1, and ip\K = 0. Let us choose 
any u G W k+l (Y '; A 1 ) . Then one may regard (pu G W k+1 (Y(0) x E; A 1 ) . Thus 
one has the estimate: 

Mi^ fc+1 < |^|w fc+1 + |(i - if)u\w k+1 

< C{\<pP(u)\W k + \[^,P]u\W k + \(1 - <p)Pu\W k (3.5) 

+ |[(1 - <p),P]u\W k + |(1 - ^)u\W k }. 

This shows that P has closed range with finite-dimensional kernel. One has a 
similar estimate for P* . This shows the result. □ 
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3.D First cohomology 

Let w = t + \x be as in the last paragraph of 3.B. 

Lemma 3.4 For a sufficiently small choice of 5' <C 5, d: W^ +1 (Wo;A°) — > 
W*(Wb; A 1 ) ^ as closed range with kerd = 0. 

Proof Clearly ker d = . 

As lemma 3.3, passing through the isometry I , I -1 o d o 7~|Wo([0, oo)) can be 
expressed as: 

± + (d,-^J : W k+ \W ([0,^))^W k (W ([0,ocy,A°eA l ). 

Clearly this has closed range. One has the same property on AT ([0, oo)) and 
Mi([0,oo)). 

Now let Hi C W k+1 (Wo), i = 0,1,2,3 be closed subsets whose supports lie 
in N ([0, oo)), Mi([0,oo)), W ([0,oo)) and K respectively, where K C Wq is 
some compact subset. Then one may assume Ujiij = W k+1 (Wo). Now by the 
open mapping theorem and above, every image d(H{) has closed range. This 
completes the proof. □ 

Let us consider Wq and the weight function w on it with the weight constants 
(5, 5') . Let us recall that we have a bounded complex: 

__> W k+2 (W ) Wt +l (W Q -K l ) ±> W k (W ; A 2 + ) — > 
where the weight function is w = t + fi. 

It is clear ker do = 0. Suppose to G W^WojA 1 ) with d+(u;) = 0. Then by 
integration by parts, one has = J^j. |cZ + oj | 2 = ^ J^. |oL>| 2 . In particular we 
have do; = 0. The following sublemma shows id 1 (AHS) = 0. 

Let W = Wq or Y(S) in 2.B. Recall that one has a weight function r over 
Wq. There is a natural extension of r on Y(S). Let /i: Y(S) — > [0, oo) be 
another weight function defined as /x|W'o l ([— (S, <S])(a;) = + i(x)), where 

t: W§([-S,S\) -> [0,1] satisfies t|AT (5) = and i|Mi(5) = 1. 

Let w = r + /jbea weight function on W . In order to make explicit the weight 
constants, sometimes one uses notations r(<5) and n(5') . Later one will show 
that d: W k+l (Y(S)) — > W k (Y(S);A 1 ) has closed range. Assuming this, one 
has the following: 
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Sublemma 3.1 Let f G C°°(W) satisfies \df\L 2 w (W) < oo. Then there are 
constants C and k = k(f) such that: 

\f-k\L 2 w < oo. 

Proof The situation differs from |27l lemma 5.2], in that on the end, we have 
non compact slices, Wo(t), M±(s) , and No(s). In order to verify this, one takes 
two steps. First one sees a weaker version of the sublemma. 

Step 1: Let us choose any So < 8 and any 5' < 5' so that the pair (8q,5' ) is 
sufficiently near (6,5'). Let us put w = t(5) + fi(5') and w' = t(5q) + n(S' Q ). 
Then we claim that f — k £ L 2 W , . 

By lemma 3.2(1) and lemma 3.4, one has an estimate: 



exp(u;)|u| < C / exp(w)\du\ . 
w Jw 

This shows that one has a Hilbert space, which is a completion of C^(W) by 

the norm ju| 2 = J w exp(w)\du\ 2 . Let us take any / G C°°(W) with df G L^. 

Using a functional s : H — > R, by s(v) = J w exp(w)(\dv\ 2 — 2(dv, df)), one gets 

a unique u = (d^d)~ l (d* w df) G H with d^d(f-u) = 0. We show that g = f — u 

is in l? wl . From dg G L^, one has estimates fwntt+m\d>g\ 2 < exp(— <5t)et, 

where et — > 0. Notice that dg satisfies the elliptic equation (d^ © d)dg = 0. 

Thus by the local Sobolev embedding and the above estimate, one gets: 

su Pw- (t)l^l - Cexp(-f )e t . 

In particular one has the next estimate: 

ft 



g(m,t)\<Ci + j C 2 exp^-y^ e s ds, 



where C\ = \g(m,Q)\. This shows that there is a constant C m such that 
limt-^oo supjy( m t \ \g — C m \ = 0. It is clear that C m is independent of m, and 
we write the same constant by C . 

Let us make a similar procedure on s direction along M\(s) and Nq(s). Then 
one finds other constants C and C" such that g — C'\M\{rn, s) and g — 
C"\No(m, s) vanish at infinity for every m. Again it is clear that C = C = C" . 

Now one finds a constant c with |dg|(a;) < cexp(— ^^). Then by integration, 
one has the inequality: 

\g-C\(x) <cexp' W ^ 
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Notice that for any a > 0, w a is integrable over W . Combining with this and 
the above inequality, one gets the first claim. 

Step 2: For any sufficiently small pair (5,5'), one has a well-defined first co- 
homology group H 1 (5,5') = ker d D Ll,(W; A 1 )/ d(W^(W)) . Then one has a 
natural map: 

We claim that i is an injection. This is enough for the proof of the sublemma. 

Let us put A(5,5') = (d* w © d)* w (d* w © d) on L 2 W {W; A 1 ), w = w(5,5'). Then 
the spectrum of A(5, 5') is discrete near 0. Thus for (5q,5' ) sufficiently near 
(5,5'), one has dimff 1 ^, 5') > dimH 1 (5 ,5' ) . 

Suppose these dimensions are different. Then one chooses another 5i < 5q 
and 5[ < 5' . If dimi? 1 (<5o, 5' ) = dimH 1 (5i,5[) , then one puts 5o = 5 and 
5' = 5' , and gets the conclusion. If these dimensions are different, one has 
dimH 1 (5o, 5q) > dimH 1 (5i, 5[) . If they are different, then one must have 
dim H 1 (5, 5') > 2. Let us take another 62 < 5\ < 5q and 5' 2 similarly. 

One iterates this process until one gets the equality on dimension. If this is not 
the case, one has an infinite sequence (5i, 5[) . By choice, one may assume that 
this sequence converges to (^oo,^) with 25o(') — 5(') < SooC) < 5('). Then 
A(5 oo ,5' O0 ) must have a continuous spectrum near 0. This is a contradiction. 
This completes the proof. □ 

Remark 3.1 When 5' = (no weight in the horizontal direction), one can 
still find some constant C such that g — C vanishes at infinity. Let us take 
any (m',t) G Wo l ([— 5, 5]) C Y(S). Then we show that if n is sufficiently 
large, then \g(m',t) — C m \ is sufficiently small for C m as above. With respect 
to n, let us choose a sufficiently large T. Then since one has the estimate 
\dg\Y(S)(T) < C exp(-^j-) , one may assume \g(m,T) — g(m' ,T)\ is sufficiently 
small. On the other hand, \g(m',t) — g(m! ,T)\ is less than e n , where e n — > 
as n — > co . Thus \g(m',t) — C m \ is sufficiently small. 

Lemma 3.5 Let W = Y(S). H 1 (5,0) is naturally isomorphic to H 1 (5,5'). 

Proof Let a G H 1 (5,0) be a harmonic representative. Then from corollary 
4.1 below, and by the same method as [271 lemma 5.3], one can verify a G 
S ,JY(S); A 1 ) . This completes the proof. □ 
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4 Fourier— Laplace transforms between open mani- 
folds 

4. A Fourier-Laplace transforms 

Our main application is the analysis over (Wo, Nq, M\) = kinky handles. Recall 
that for the simplest kinky handle, Wq is diffeomorphic to S 1 x D 3 . In this 
section, one considers (W = S 1 x D 3 ,M 1 ,N ), where Mi,iVo are all diffeo- 
morphic to 5 1 x D 2 , and the embeddings are given as follows. Let us regard 
3W = S 1 x D\ U S 1 x D 2 _ , and consider two knots fj, C S 1 x D\ , 7 G S 1 x D 2 _ 
as follows; 

(1) fi represents a Whitehead link diagram (see [22J page 79, figure 3.3]) and 

(2) 7 = S 1 x0cS 1 xD 2 . 

Notice that \i is null-homotopic, and 7 represents a generator of 717 (Wo)- Let 
us take tubular neighborhoods of ri and 7 in S 1 x D\ respectively. We denote 
them as Ji and 7. Then we choose 71 = M\ and 7 = A^o- Let us denote the 
quotient space by Y = Wq/M\ ~ A^o- By a simple calculation, one knows the 
following: 

Sublemma 4.1 il^YjR) = M and i? 2 (y ; M) = H 3 (Y;R) = 0. 

In this section, one introduces the Fourier-Laplace transform over Y , which is 
an open analogue of the one in [27]. In order to do this, one will only require the 
above topological conditions. In particular one can apply the method in this 
section for cylindrical manifolds Y which includes the simplest Casson handles. 

Now by the previous construction, one has a complete Riemannian manifold 
Wq. Let us take infinitely many Wq, and for convenience, we enumerate the 
same Wq as Wq, i 6 Z. Let us choose a sufficiently large S, and introduce 
notations: 

Wo([-S,S]) = Wb\{Mi([S,oc)) U JV ([S,oo))}, 
Y(S) = W ([-S,S])/N (S) ~ Mi (5). 

One has a natural extension of notation Y(S)(t) = Wo(t)/No(S,t) ~ Mi(S,t), 
t G [0, 00) . Recall that one has a weight function r : Wo — * [0, 00) by r|Wo(*) = 
6t. One can make a natural extension of r on Y(<S). We will use the same r 
for this. 
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Now one has a periodic Riemannian manifold as: 

J M 1 - n (S)~jV- n + 1 (S) W 



Y(S) =■■■ U M - n(S) „ N -n + i (S) W - n+ \[-S, S}) 



(4.2) 

U M-"+'(S)~iV -"+ 2 (S) W ^ d -5 '' S V) ■ ■ ■ 



There is a free and isometric Z -action on Y{S) , and we denote the action 1 £ Z 
by T. 

Let us take vector bundles E; L — > Y(S) (for i = 1,2) and a differential operator 
D between them. Then it lifts to the following one: 

D: C-(^) - C™(E 2 ) 
where Ei — ► Y{S) are the natural lifts. 

Let us take any tp G C™(Ei) and z G C*. Then we define the Fourier-Laplace 
transform of tp by: 

i> z ( ) = S-_ 00 ^(T»( ). 

Let us define another vector bundle over Y(S) x C* as: 

E[ = [E! ® R C]/Z ^Y(S) xC* 

where 1 G Z sends (p, A) G Ei ®k C to (Tp, zA) . One may regard E[ as a 
family of vector bundles {E[(z)} over Y(S), parameterized by z G C*. 

Now by restriction ^|Wq ([— L?, £]), defines a smooth section over l^S 1 ) of 
E[(z), where C Y(S). Thus one may regard $ z G C~(^(^)). 

The Fourier-Laplace inversion formula is as follows. Let us take a smooth 
section rj G C™(E[) with % G C™(E' x (z)). Then for any s G (0,oo), the 
following: 

2vrz J| z | =s z 

defines a smooth section over i?i — > Y(S), where ir: Y(S) — > ^(S 1 ) is the 
projection and x G Wq([— 5, S 1 ]) . By Cauchy's formula, these are inverses of 
each other, independently of s . 

Let D be as above. Passing through the Fourier-Laplace transform, one has 
another differential operator between (Eq)' and (E\)' by: 

D z 4, z = {Thjj) z . 

Notice that at z = 1, (Ei)' , i = 0,1, are isomorphic to Ei — > ^(S 1 ) re- 
spectively. In fact every (Ei)'(z) is isomorphic to Ei as follows. Let us take 
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t: Wo([—S,S}) — > [0, 1], a smooth map such that t = near Nq(S), and i = 1 
near Mi(S'). By taking [0, oo) C C as a branched line, one may define logz. 
Let us put z l = exp(ilogz), and consider z ij} z . This gives a C-valued section 
over E' . One calculates D z in terms of this identification. The result is as: 

D(z) = D + z t [D,z- t \: 
4.B Elliptic complexes over periodic covers 

Let {Ei, A}i=o,i,2 be an elliptic complex over y(<S). It is clear that it gives a 
bounded one as: 

— ► W r fe+2 (£ ) ^ W* + \Ek) ^(#2) — > o. 

Proposition 4.1 The above Di is an acyclic Fredholm complex, ie all coho- 
mologies H l vanish, if for all z G C = {w G C*; |«;| = 1}, {D\ : W^ +l — > 

Proof For any u G T^(y(5); .Ej) , 2^ has the following property; it lies in 
W?{(Ei) z ;Y{S) z ) for all z with < \z\ < 1. 

When 1 2 1 = 1, the inner product on i% has a natural extension of a Hermitian 
metric on £-(z). Recall that Df. W? +1 (Y(S); E^z)) -» W r fc (y(S); £; + i(z)) 
has closed range. Let (Di)* be the formal adjoint operator. This differen- 
tial operator is defined independently of z, with \z\ = 1 over Ei(z). By the 
assumption, one has an isomorphism: 

D = D © (£>!)*: W? +1 (Y(S);Eo(z) ® E 2 (z)) - W^S); ^(z)). 

We denote by D -1 its inverse. On the other hand one has a natural lift of D 
as: 

£>: ^ +1 (?(5);E ©E 2 )^^(?(5);E 1 ). 

Here we show that there is another bounded operator: 

R: W^(Y(S)-,E 1 )^W^ +1 (Y(S)-Eo®E 2 ) 

with R o D is the identity. From this, one knows that D has closed range. In 
particular D$ has closed range. 

Next one proceeds similarly for D* = (Do)* D±. Then one also knows that 
its lift D* has closed range. Clearly it follows that D\ has also closed range. 
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Now let us take ip G W k+1 (Y(S); E E 2 ). Then one considers b(ip) = 
D^ 1 ^) G W k+1 (Y(S);E 1 (z)). This element also has the property in the first 
paragraph of the proof. 

Then one defines R(ip) G W k+1 (Y(S); E\) by: 

T n R^)\W^[-S,S])(x) = JL j c Z- n (D-\^(x)))^. 

We claim that this assignment: 

R: W&YWiEj^W^YiShEoQEz) 

gives a bounded operator. Then by the definition of Di over Y(S), it satisfies 
RoD = l. 

Let us put C = {z = exp(t0) G C}, ygw£([-S, S]) = T n (tp) . By regarding 
6(V0z ^ W* +1 (Wq ([— S 1 , 6*])), one has a Fourier expansion = Yj n z n Lp n , 

Vn+i|^ r o(5') = ( ^n|-^i('S'). Notice the equality D(<p n ) = ip n . One can regard 
the value of the inner product (b(ip),b(ip))\W k (Y(S);E^(z)) as a real-valued 
function of 6 G [0, 2ir] . Then one has the equality: 

1 f 2n 

-J o de\b(n 2 W T k+1 (Y(S);E*(z)) = 

1 /"27T 

— J d9T, n:m eM^{n-m)){ip n ^ m )\W^\W^{[-S,S\)) = X n \<p n \ 2 W? +1 . 

(4-3) 

Combining with the inequality (D 1 are bounded operators for all z G C) 
\b(ip)\W? +1 (Y(S);E*(z)) < C\4>\W? for every 9, one gets the estimate: 

x n \<p n \w? +1 (w§([-s,s\)) < cv n ty n \w?(w8([-s,s\)). 

From the equality, T n (^) = ip n , one has the desired estimate: 

\Rty)\ 2 W? + \nsy,E*) = ?^\<p n \ 2 W? + \W§{[-S,S\)) < C£ n |Z% n )| 2 W* 
= CX n \T n (i:)\ 2 W?(Wg([-S,S})) = C\^\ 2 W k T . 
This completes the proof. □ 

4.C Computation of parametrized cohomology groups 

In 4.C, one will verify the assumption in proposition 4.1. 

Sublemma 4.2 Df. W k+1 {Y(S); E^z)) -» £ i+ i(z)) has closed 

range. 
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Proof It is true for z= 1. Recall Y(S) = W ([-S, S])/N {S) ~ M^S). Let 
Hi C W^ +1 (Y(S); Ei(z)) be closed subsets satisfying: 

(1) H 1 UH 2 = W^ +1 (Y(S);Ei(z)) and 

(2) Supptfi C W ([-(S - 1),S - 1]) and Suppi? 2 C N ([-S,-(S - 1)]) U 
Ma([5-1,5]). 

By regarding A C W* +1 (Y(S); A(l)) , it follows that A (-Hi) is a closed 
subspace of IY T fc (Y(,S); A+iO?)) . Let u £ H 2 . Then one may associate u G 
IY r fc+1 (Y(S);A(l)) by «|JV ([-5, -(5- 1)]) = u and 2|Mi([S - 1, S]) = z~ x u. 
Clearly A(A) = A(A) is a closed subspace of W*(Y(S); E i+ i(l)) . Since 



this assignment is isometric, it follows that H 2 is also a closed subspace of 



Proposition 4.2 Let {A} be an AHS complex. Suppose it gives a Fredholm 
complex and all the cohomology groups vanish, H l (W^(Y(S); A*); A) = 0, 
i = 0,1,2. Then for (7(1) = {z : |z| = 1} , one has H*(W*(Y(S); A*); (A) 2 ) = 
for aU 2 G C(l) and i = 0, 1, 2. 

Proof The first part is essentially [271 page 390]. Let u G W^(Y(S); A*) with 
do (ii) = 0. Then passing through the identification z l : A^ = A , one has 
d(z^ t u) = where z~ l u € W^(F(S I ); A ) . Clearly this shows u = 0. 

Next let us take a G W^Y^); A*) with d+(a) = 0,d^(a) = 0. Then by 
integration by parts, one has d(a) =0. a is zero in A(Wo;M) (see the proof 
of lemma 5.1). Thus one may express a = d(f) on Wo for / G C°°(Wo([ — S 1 , S 1 ])) 
and d*d(f) = 0. Let i: Nq(S) = Mi(S) be the identification. Then one has 
i*(f) = zf + const. If one takes / so that it vanishes at infinity, then const = 0. 
Thus one has the equality: 



This shows df = 0. Let O C C(l) be the subset satisfying a property that 
any a G W^(Y(S)\A\) with d + (a) = satisfies da = 0. The above implies O 
is non-empty, open and closed in C(l). Thus H* (W* (Y (S); A*); (A) 2 ) = 0, 
* = 0, 1 for all * G (7(1) . 

Now let us put D = (A))* A, and consider A = D*D on Z,£(y(S); A x (z)) . 
Then there is a constant A > with A 2 > A, where A 2 is the bottom of A. 
Suppose H 2 / at z = exp(i6 ) , but H 2 = for all z = exp(z<9), < 9 < 6 . 




□ 
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Then by choosing some 9, it follows that there exists u E W 1 (Y(S); A^) , z = 
exp(i6) with (1) \u\W^ = 1 and (2) \(D{)*(u)\Ll < e. 

Since D\ is surjective, one finds a E W?(Y(S); A*) with D\(a>) = u and 
(Do)* (a) = 0. Then there is a constant C independent of z such that: 

\u\Wl < C\a\W? < C|(Di);Di(a)|L2. 

This is a contradiction. This shows that the second cohomology also vanishes 
for all z E C(l). This completes the proof. □ 

4.D Computation of cohomology groups with z = 1 

Now we compute the cohomology H t (W^(Y(S); A*); D*) of the AHS complex 
for the simplest kinky handles (Wo, Nq, M\) . Notice that the end of Y(S) is 
isometric to M x [0, oo) for a compact Riemannian three manifold M . We will 
denote M t = M x {t} C Y(S) . 

Proposition 4.3 Let Y(S) be as above. Then for all i = 0,1,2, the coho- 
mologies W (W? (Y(S);A*);D*) vanish. 

Proof Clearly #°(AHS) = 0. Let us consider tf^AHS). Let us take any 
representative u. By integration by parts, one finds du = 0. One may express 
u = w + / dt around the end Y(S) = M x [0, oo), where w does not contain 
dt component. Then through this isometry, one considers Wt E A 1 (M) for 
t e [0, oo). Let ds be the differential over M. Then for every t, one has 
d^,wt = 0. Thus one may express wt = Y>igi(t)a.i + dfit, where {cei}i consists 
of the orthogonal basis of // 1 (M;R). Here one may assume d*,(cti) = 0. By 
taking into account of dt component of du, one has the following equation: 

T*igi(t)'ai + d 3 n(t)' = d 3 f t . 

This shows gi(t)' = 0. Since ueLj, one concludes Qi(t) = 0. Then one has 
another equality, ft = fJ-(t)' + c(t), where c(t) are constants depending on t. 
Thus one gets u = d 3 \it + (y! t + c(t))dt. 

Sublemma 4.3 If d%n t e , then for a smooth family of constants d(t), 
one has fj, t - d(t) G . 

Proof of sublemma Let us put d(t) = (voIm)~ 1 f M fitvol . Then we show 
that this family is the desired one. Notice that one has the following bound: 
\dzHt\L% > C\nt — d(t)\L^ for some positive constant C . In particular one has 
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fit—d(t) G L 2 . Notice that one has the equality n t —d(t) = (Aq) l d*d(fit—d(t)) , 
and (Ao) _1 (i* is a translation invariant bounded operator. Thus we get: 

= j^Ao)- 1 d* 3 d 3 (» t - d(t))] = {A Q y l d*j t [d m ]. 

From the last term, one sees that ^-gr^ G L 2 . By a similar consideration, one 
gets the result. This completes the proof of the sublemma. □ 



Proof of proposition (continued) Then by replacing fi t by fit — d(t) , one 
may assume fit G W k . Thus d//t = cZ3//t + fi' t dt G W* _1 . On the other hand, 
let us consider the equality ft = fi' t + c(t). Then it follows c(i) G Let 
us put C(t) = f c(s)ds — f£°c(t). Then by [23 lemma 5.2] (see sublemma 
3.1), one finds that C(t) G W k , and dC(t) = c(t). In particular we have 
u\ endY(S) = df , f £ . Then using a cut-off function, one may represent u 
by a compactly supported smooth 1 form, which is itself exact by a compactly 
supported smooth function, since H^ p (Y(S);M.) = 0. This shows ff 1 (AHS) = 
0. 

Next we consider if 2 (AHS). Let us take a representative u G H 2 (XKS). One 
may choose u so that it satisfies d(e T u) = e~ T d{ue T ) = 0. Since H 2 (Y(S); R) = 
0, one may express e T u = dfi, fi G C co (A 1 ). Let us denote fi\endY(S) = 
(3 + f dt, where (3 does not contain dt component. Then we have the following 
relation: 

dfi\ endY(S) = d 3 (3 t + (d 3 f - f%)dt = d 3 (3 t + * 3 d 3 (3 t A dt 

where *3 is the star operator over M . Let us decompose fit = Pt + Pf > where 
fit (fit) does (not) consists of a closed form over M. Then from the last two 
terms, one finds d 3 ft = ■ In particular one may represent: 

e w u\ endY(S) = d$ = d 3 (3 2 - ((3 2 )' A dt = d 3 (3 2 + * 3 d 3 (3 2 A dt. 

By the decomposition, one finds a positive constant C such that: 

\d 3 $\W k -\M t ) > C\(3 2 \W k {M t ). 

Now we have the next relations (put fi = (3 2 on the end): 

e T u = dfi, \fi t \W k (M t ) < C|e T njiy fc - 1 (M i ). 

Sublemma 4.4 If 5 > is sufficiently small with respect to S , then e T u G 
L 2 (Y(S);A 2 + ). 
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Proof of sublemma Let us consider e T u \ end = dfi. One may assume that for 
every t, [it £ C oc (A 1 (M t )) lies on the orthogonal complement of kerd. Then 
*3<i is invertible on (kerd)- 1 - by corollary 3.1. Moreover it is self-adjoint with 
respect to the L 2 inner product. Since fi satisfies the equation, (J^ + *3ds)/U = 
0, one has the exponential decay estimate for jjl. More precisely there exist 
constants C > 0, Ao > which are independent of 5, such that: 

\fi\L 2 (M t ) < exp(-A t)sup{| / t/|L 2 (M s );0 < s < 2t}. 

Notice that a priori, fj, satisfies the following bound of its growth \fi\L 2 (M t ) < 
C exp(t^)\u\L 2 (Mt) . Combining these estimates, one gets the exponential es- 
timate for fx. Then one has also the exponential decay estimate for dfi on the 
end. This completes the proof of the sublemma. □ 

Proof of proposition (continued) Let tp t : Y(S) — > [0, 1] be a cut-off func- 
tion such that <p\M x [t + 1, oo) = 0, <p\(M x [t, oo)) c = 1. Let us fix a large S, 
and let 5 > satisfy the above condition. By the above estimate on W k norm, 
one finds ip t /j, € L 2 (Y(S); A 2 ^) for all t. Then for any small e > 0, one finds a 
large t so that: 



J \e w u\ 2 = J d(<ptn) A d(iptn) + J 



w |2 

e u\ 



< e. 



This shows u = 0, and we have shown i7 2 (AHS) = for this pair (5, S) . This 
completes the proof of the proposition. □ 

Remark 4.1 Suppose for all 6' € [5, So], the differential of the AHS complex 
has closed range, where 5 is sufficiently small. Then H*(XHS) also vanishes 
for all 5' . This is seen as follows. Notice that for any choice of the constants, 
one knows H°(ARS) = if 1 (AHS) = 0. We want to calculate H 2 (ARS) when 
we vary 8' > 0. Let us take an isomorphism: 

/: W; {s) (Y(S);A*)^W; isl) (Y(S);A*) 

where we denote t(5) to express the weight constant. Passing through /, one 
has {W*rg\ {Y(S); A*); I^ 1 od* o/} , a continuous family of Fredholm complexes. 
In particular, the indices of these complexes are invariant. Since for all cases, 
one has #°(AHS) = tf^AHS) = 0, one concludes H 2 (ARS) = 0. 

Remark 4.2 Suppose a cylindrical four-manifold Y has nonzero H 2 (Y;W). 
Then in this case, one has a bound: 

dim H 2 (AHS) < 2 dim # 2 (Y; M). 

This directly follows from the proof of proposition 4.3. 
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Corollary 4.1 Let us choose a sufficiently small 5 > 0. Then one has an 
invertible operator: 

P w : W^\Y{S)^ x )^W^{Y{S)-,hP@Kl). 

5 An asymptotic method to compute cohomology 

5.A P w over Y(S, 2) 

Let (Wo, No, Mi) be a simplest kinky handle, and Wq be the Riemannian mani- 
fold constructed before. In the previous section, one has the invertible operator: 

P T : W^ + \Y{S)',K 1 ) -> W?{Y{S);A° ®A 2 + ). 

By the Fourier-Laplace transform, one gets an invertible Fredholm P T over 
Y(S) where: 

Y(S) = • • • u wt\[-s, S}) u wi([-s, S])U... ieZ. 

Let T2 be the periodic tree as MU ne z^o , where Mo is half the real line. The aim 
here is to show that P T is invertible over the periodic cover of Y(S, 2) defined 
below which corresponds to T<i- Let (W2, Nq, Mi, M2) be a kinky handle with 
two kinks, and W2 be the corresponding complete Riemannian manifold. Thus 
one has three ends in the horizontal direction, iV"o([0, 00)), Mj([0, 00)) , j = 1,2. 
Let us choose a large 5, and put: 

Y(S) = W£((-oo, S]) U Wg([-S, S])U..., 

Y(S, 2)' = W 2 \N ([S, 00)) U Mi([S, oc))/N {S) ~ Mi(S), (5.1) 
2) = Y(S, 2)'\M 2 ([S, 00)) U y(S) \JV ([5, 00)). 
One may equip a weight function r on F(5, 2) as before. 

Lemma 5.1 : M^ :+1 (y(S', 2); A*) -» W; fe (y(5, 2); A* +1 ) has closed range 
with tf°(AHS) = fr^AHS) = 0. 

Proof Closedness follows from the excision method used before. Let us take 
(W s = S 1 x D 3 ,Nq = S 1 x D 2 ), where Nq represents a generator of tti(W s ). 
By the construction in 2. A, one can get a complete Riemannian manifold W s 
with one end iVo([0, 00)) along the horizontal direction. Let us put: 

Y(S, 2)(0) = Y(S, 2)'\M 2 ([S, 00)) U W a \N ([S, 00)). 
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Notice that Y(S, 2)(0) is diffeomorphic to Y(S,2)', but Riemannian metrics 
are different. (Y(S, 2)(0) has cylindrical end.) By corollary 3.2, the differential 
of the AHS complex has closed range. 

Let Hi C W£ +1 (Y(S, 2); A*) be closed subsets with: 

(1) H 1 \JH 2 = W* +1 (Y(S,2);A*), 

(2) SuppFi C Y(S,2)'\M 2 ([S,oo)) and Supp# 2 C Y(S) \N ([S - 1, oo)) . 

One regards H x C W? +1 {Y(S,2)(0); A* ) and F 2 C W r fc+1 (y(5); A*) . From 
this, it follows that d*{Hj) are both closed subspace of W*{Y(S, 2); A* +1 ) . 

Let us see kerP„, = 0. kerP^, is isomorphic to the first cohomology // 1 (AHS). 
One can easily check H 1 (Y(S, 2); R) = R. Let us take a nonzero element u/. 
Then this has the property (w,C) ^ for any loop C representing a generator 
of m(Y(S, 2)) . One may choose C sufficiently near to infinity while having a 
bounded length. 

Let us take u £ ff^AHS), and consider its class [u] € H 1 (Y(S, 2); R) . It 
follows [u] = , since one can make (u, C) arbitrarily small by choosing C as 
above. Thus one may express u = df for / £ C°°(y(S', 2)). One may assume 
/ G L^(y(5,2)), by subtracting some constant. This shows n = 0. Thus we 
have shown the result. □ 

5.B Some continuity of H\ARS) 
Let us introduce another weight function: 



by fi\W n (s < S)(x) = \n\ + t(x). We choose another small constant 5' (we take 
it so that 5' <S S, where S is the weight constant for r). Then we introduce 
another weight w = + r and weighted Sobolev k spaces , where: 



Jy 

Since one knows fP(AHS) = over Y(S) , it follows that there exists a positive 
constant C > such that \P W \, \ (Pw)w\ > C 1 , for any small 5' € [0, <%]. 

Let Y be a complete Riemannian manifold of bounded geometry. Let us take 
a family of smooth maps: 



Suppose that for all w{5') , the corresponding AHS complex between weighted 
Sobolev spaces are Fredholm. In any case it is immediate to see i?°(AHS) = 0. 
Here one has some continuity property as: 



n- y(s)-[o,oo) 




w(S'): Y -> [0,oo) 



w(5")(x) <w(5')(x), 5" < 6' G [0, 5} 



x G Y. 
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Lemma 5.2 fl^AHS) = for 5' = when fl^AHS) = for 5' > 0. 

Proof Let us denote ker(d + )^/ 5 n = H 2 (5') (the second cohomology .ff 2 (AHS) 
when it is defined). Let us choose sufficiently small constants: 

5 » 5' > 5" > 0. 

Then one has H 2 (5") = H 2 (5') . This follows from that by varying these weights 
from w(S') to w(5"), one gets a family of Fredholm complexes between the 
weighted Sobolev spaces (these spaces also vary with respect to the deformation 
of the weights). For every value of weights, one has _ff°(AHS) = i? 1 (AHS) = 0. 
Thus one gets the above statement. 

Sublemma 5.1 If H 2 {5") + 0, then one has also H 2 (5') + 0. 

Proof of sublemma Let us denote w = w(5') and w' = w(S"). Let us take 
v € L 2 W , with d* (exp(w')v ) = 0. Then one puts u = exp(— w + w')v . One may 
assume u G L 2 W . Since u satisfies d* (ex.p(w)u) = 0, one gets the result. □ 

Proof of lemma (continued) Recall that by putting w = w(S r ) , one also 
has a Fredholm complex {W^(Y(S, 2); A*), d*} . Then by varying a parameter 
5' G [0,5], one has a family of Fredholm complexes: 

{W; w (y(S,2);A*),<f}. 

From the above proof, one has the inclusion H 2 {5") C H 2 {5') for all < 5" < 
5'. Now let us see H 2 {5') = H 2 (0) and fl^O) = 0. Suppose H 1 ^) + 0. Then 
by invariance of Fredholm indices, one must have dimi7 2 (0) > dim// 2 (5'). 
This contradicts the above. This completes the proof. □ 

5.C Computation of # 2 (AHS) 

To show that P T : W^ +1 (Y(S,2);A 1 ) -» W^(Y(S, 2); A © A 2 ) is invertible, 
one uses an asymptotic method. Roughly speaking one approximates Y(S,2) 
by a family of Riemannian manifolds with cylindrical ends. Then the spectrum 
of P T over each cylindrical manifold has a uniform lower bound on 1 forms. 
From this one gets a lower bound of (d + )* over Y(S,2). In the presence of 
7/ 2 (y;M), one can get a uniform bound of dimff 2 (AHS). The approximation 
of spaces corresponds to the one of infinite tree by its finite subtrees. This 
method completely works for higher stages in 5.D. 
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Computation of dimi/ 2 (AHS) uses information of i^ 1 (AHS) on both approx- 
imation spaces and the limit space. The former is obtained by proposition 4.3 
and the latter by sublemma 3.1. On the other hand for all cases i?°(AHS) = 0. 
Then using this and proposition 4.3, one can apply the asymptotic method in 
this section to verify i/ 1 (AHS) = for the limit space. This will be another 
method to compute ff 1 (AHS) without using sublemma 3.1. 

Let us take (W s = S 1 x D 3 , Nq = S 1 x D 2 ) where Nq represents a generator of 
Tti{W s ) . Then by the construction in 2. A, one gets a complete Riemannian man- 
ifold W s with one end iVo([0, oo)) along horizontal direction. Let (Wo, No, Mi) 
be the simplest kinky handle as before. Let us put: 



y(s%' = • • • w - n ([-s, s}) u Mr(5) ^-n +1(s) w - n+1 ([-s, s])... 

^ur'iS^N^S) W£([S, S}) U Mr(s) ^ o(s) W,\N ([S, oo)). 

Notice Y{S) (oo)' = Y(S) . Let us put Y{S,2)(n)' = Y{S,2)' U M2(s) ^ N o (s) 
Y(S)o(n)' and: 

Y(S, 2)(n) = Y(S, 2)' U ms ^ N o (s) Y(S) (n). 



Y(S,2)(n) is a complete Riemannian manifold with cylindrical end. Let the 
weight function be r: Y(S, 2){n) — ► [0, oo), with weight 5 as before. 

Proposition 5.1 One gets isomorphisms: 



Proof By proposition 4.3, the conclusion is true when one uses a sufficiently 
small weight constant 5' . On the other hand, by the first part of the proof 
of lemma 5.1, the differential of the AHS complex has closed range for all 
5' € (0,6}. From this, one gets F°(AHS) = fl^AHS) = for all 5'. To see 
.£f 2 (AHS) = 0, one can use the same method as proposition 4.2. This completes 
the proof. □ 

In particular there are constants C n such that for A = (P T )* ° P T , one has the 



bounds \u\W? +2 {Y(S,2)(n)) < C n \A{u)\W?(Y(S, 2)(n)) . Also one has bounds: 




(5.2) 



P T : W^ +l {Y{S,2){n);A l ) 9* W?(Y(S,2)(n); A (B A 2 + ). 



u\W? +2 (Y(S,2)) < C\A(u)\W*(Y(S, 2)), 
\u\W T k+2 (Y(SY>) < C\A(u)\W?(Y(Sy>). 
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Sublemma 5.2 There is a lower bound C n < C for all n. 



Proof For any small e > 0, there exists a large n with the following property: 
for any u G W^ +2 (Y(S, 2)(n)) with |u|W"^ +2 = 1, there is at least one n' , 
< n' < n with \u\W* +2 (Wtf'([-S,S\) < e. Let (p(n') be a cut-off function 
on Y(S,2)(n) with tp(n')\ (W "'([-S, S])) c = 1 and Y(S, 2)(n)\ Supp dtp{n') has 
two components. Then one may express (p(n')u = u\ + u 2 - One may regard 
ui G W^ +2 (Y(S, 2)), u 2 G H / "^ +2 (y(S')o)- In particular one has the estimates: 

|u|W T fc+2 < |ni|^ T fc+2 + \u 2 \W? +2 + |(1 - p(n'))u|W? +2 

< C{\A( Ul )\W? + \A(u 2 )\W?} + e < C\A(u)\W^ + Ce 

where C is independent of e and u. This gives the result. □ 



Now suppose # 2 (AHS) is nonzero over Y(S, 2), and take u G ker(ii + )* n 
W^ +1 (Y(S,2);A\) with |u|W r fc+1 = 1. For each n, let us take a cut-off func- 
tion tp(n) on r(S,2) with tp(n)\Y(S, 2)(n - 1)' = 1, p(n)|(y(S, 2)(n)') c = 
0. Then one may regard (p(n)u G 2)(n); A^) . Thus there exists 

v n G VF r fe+2 (y(S',2)(n);A 1 ) with <£(v n ) = 0, d + (v n ) = tp(n)u. By the above 
sublemma, one has the uniform estimates: 

1 - e < Wn)u\W* +1 = \d + (v n )\W? +1 
< C\v n \W? +2 < C\d+(v n )\W? +1 < C\v(n)u\W>; +1 . (*) 



By the above (*), one has the uniform estimates C < |f n |l / Fk+ 2 < C . Let us 
take a sequence 1 S> e± S> £2 3> • ■ ■ — > . Then for each n , there exists a large 
iV = AT(n) and L(n) » such that at least one \v N \W* +2 (W$' ([-S, S])) is 
less than e n for iV — L(n) <n'<N. Let us take a subsequence {«jv(n)}n an d 
denote it by {v n } n . For simplicity of the notation, one may assume n' = n — 1 . 

Using this, one can verify ker(<i + )* = over Y(S, 2). Let us put A = dd* © 
(gL|_)*cZ + on W r ^ +2 (y(S', 2); A 1 ) . From above, one has the estimate: 

\dd*((p(n - l)v n )\W^ ^ 

< C{\dv n \W?(Wr\[-S,S})) + \v n \W^(WrH[-S,S]))} < Ce n 
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where C is independent of n. Then one has the estimates: 

|A(p(n - l)v n )\W? < C[\(d+K(<p(n - lMn)u)\W? 

+ \(d + )* T [d+, tp(n - l)K|^ r fc (Supp^(n - 1))] + Ce n 

<C[\<p(n-l)<p(n)(d + Y T (u)\W? ^ 

+ |[( ( | + )>(n-l)p( n )H^(U 3=n - 1 X([-^)) 
+ Kd+y^d+Mn - l)}v n \W?(Wr\[-S,S})) + Ce n 

< \[{d+Y T , V{n - lMn)]u\W? + \(d+Y T [d+,<p(n - l)]v n \W? + Ce n . 

One may assume that the last term is arbitrarily small. This shows that 
there is a sequence {w n € W^ +2 (Y(S, 2); A 1 )} with C < \w n \W?+ 2 < C 
and \P(w n )\W^ +1 converges to zero. This is a contradiction. This shows 
ker(d+)* = over Y(S,2). 

Let (W t , N ) = (D 4 , S 1 x D 2 ) be the standard disk. Let Y = W t \N ([S, oo)) U 
Y(S)o\N ([S,oo)). In this case, one has F°(AHS) = fl^AHS) = (notice Y 
is simply connected). But H 2 (Y;R) = E. In this case, one has the following: 

Corollary 5.1 Suppose Y has nonzero ii" 2 (Y;E). Then one has a bound 
dimF 2 (AHS) < 2dim# 2 (Y;E). 

Proof Suppose dim# 2 (AHS) > 2 dim H 2 (Y;R) + 1 = b 2 + 1. Let us take L 2 
orthogonal vectors m, . . . , U(, 2 +i, ■ • • € L 2 (Y : A^_) PI ker(<i + )* with \ui\L 2 = 1. 

One can make a family of cylindrical manifolds Y(n) by the above method. By 
a straightforward calculation, one has an upper bound of dim# 2 (Y(n);E) by 
b 2 . By remark 4.2, it follows that dimff 2 (AHS) has also an upper bound over 
Y(n) . Now let <p(n) be as above. Then for any small e > 0, there exists a large 
no such that for all n > uq , one has: 

\(d + Y T &(n) Ui )\L 2 T <e, \p(n) Ui \L 2 T >l-e, 

2 (5.7) 
(tp(n)ui,(p(ri)uj)\L T < e, i = 1, . . . , b 2 + 1. 

Let v\, . . . ,vi be an orthonormal basis of H 2 (AHS) over Y(n), I < b 2 . Then 
one may express ip(n)ui = HjdjVj + d + (ai) , a - 6 1. Let at = (a\, . . . , a\) G E z . 
Then the set of vectors a±, . . . ,a& 2+ i would satisfy |oj| > 1 — e and (ai,aj') < e 
with respect to the standard norm in E ? . Since I < b 2 + 1 , it is impossible to 
find such set. This completes the proof. □ 
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5.D Fourier— Laplace transforms on higher stages 

Let us put: 

W 2 ([-S, S}) = W 2 \N ([S, oo)) U j=1>2 Mj([S, oo)), 

Y(S, 2) = W 2 U M2(5 )~jvo(S) Y(S) \N ([S, oo)), g 
F^, 2) = . . . y(S, 2) n Uj^-n^^jy-n+i^ Y(S, 2) n+1 . . . 

^(S, 2) = 2)1 U M 1(S)~N§(S) Y ( S ' 2 )o U M 1 2 (5)~AT3(5) Y (S> 2 )o • • • 

where (y(5, 2)JJ, M?(S), Nfi(S)) is the same triple (Y(S, 2) , Mj(S), N (S)) 
as before. Notice that y(S , ,2) is diffeomorphic to CiT(T 2 °), where T 2 ° = 
R+ U ne N R+ . Now by the Fourier-Laplace transform, one gets the following: 

Corollary 5.2 P T : W* +l (Y(S, 2); A 1 ) -> W*(y(S, 2); A A^) is invertihle. 

Now one defines: T 3 = R U ne z T 2 ° and T 3 ° = R+ U nGN T 2 °. Similarly T 4 = 
R U ng z ^3. One inductively defines Tj , j = 1, 2, . . . as: 

Tj + i = R U ne ^ 7^°) ^j+i = ^+ U TtG N T° 
where one puts T\ = R , T® = R + . 

One can construct the corresponding spaces. Let (W 2 , Nq, Mi, M 2 ) be a kinky 
handle with two kinks. One has already defined Y(S), Y(S,2). Let us define 
inductively Y(S,j) as follows: 

Y(S,j) = W 2 ([-S,S}) U M2 (S)~N (S) Y(S,j - l)o, 
Y(S,j)=Y(S,j) /N (S)~M 1 (S), 
Y{S,j) = . . . Y (S,j) n ^M^"(s)^Ng n+1 (s) Y(S,j) 
Y(S,j) = Y(SJ) 1 U mHs ^ n2q(s) Y(S,j) 2 U M?(s ^ N s {s) Y(S,j) 3 . . . 

One may express CH(Tj) = Y(S,j)o. The previous method works for all 
Y(S,j) iteratively. 

Proposition 5.2 P T over Y(S,j) are all Fredholm with H*(ARS) = for 
* = 0,1,2 and j = 1,2, ... . 

In the notation in 2.B, one expresses T® = (72,2,... ,2,1)0 ((2, • • • , 2) j — 1 times). 
Let n\,...,nk £ {1,2,...} be a set of positive integers. Then using kinky 
handles with rij kinks, one has a natural extension, and gets (T nii ... )nfc) i)o which 
is a signed infinite tree. For Riemannian metrics on Cff((T ni) ... )nfc) i)o) , see 2.B. 



n+l (5-9) 



Geometry & Topology, Volume 8 (2004) 



828 



Tsuyoshi Kato 



Let n = {ni, . . . ,7ty_i, 1} be a set of positive integers, and denote the cor- 
responding homogeneous tree of bounded type by (IW)o- By the previous 
method, one gets a complete Riemannian metric and a weight function on every 
CH((Tn)o) . Recall that one has constructed complete Riemannian metrics and 
weight functions on Y(S,n). 

Proposition 5.3 P T : W* +1 (Y(S, n); A 1 ) -* W?{Y(S,n); A A^) gives an 
isomorphism for any n = {n\, . . . , rtj—i, 1} . 

Proof One has shown the result for 1 = 2. Suppose the result is true for 
/ < Iq. Let us put n = {m, . . . , n/ +i, 1}. Then by Fourier-Laplace trans- 
form and excision method used before, one knows P T : W^iYiS^-K 1 ) -> 
W*(Y(S,n); A A^_) gives a closed operator with F*(AHS) = for * = 0, 1. 
One may follow the same process to see # 2 (AHS) = as 5.C. Thus one has 
shown the result for + This completes the induction step. □ 

In practical applications, one considers open four-manifolds composed of one 
0-handle attached with Casson handles. Recall that k(S 2 xS 2 )\pt is homotopy- 
equivalent to some wedges of S 2 . In particular H^ p (M;R) = H 3 (M;R) = 0. 
Recall also that it has a link picture by k disjoint union of Hopf links with 
0-framings. Let (W t , M u . . . , M 2k ) = (D 4 , S 1 x D 2 , . . . , S 1 x D 2 ) express the 
link diagram of k(S 2 x S 2 )\pt. 

Let (Ti)o, • • • > C?2fc)o be signed homogeneous trees of bounded type. Let us 
consider an open four-manifold 5 obtained by attaching Cif((Tj)o) along 
(D , S 1 x D 3 , . . . , 5* 1 x D 3 ) . Then by the previous procedure, one can equip a 
complete Riemannian metric on S: 

S = W t \\Ui C7H((T,) ). 

As before one can also equip a weight function t, and the AHS complex over 
S. 

Corollary 5.3 The differential of AHS complex has closed range over S with 
F°(AHS) = if 1 (AHS) = and dim H 2 (AHS) < 2 dim H 2 (S ;R) . 

By the work of Freedman ^5], the end of S admits a topological color, = 
S s x [0, oo). In fact S is homeomorphic to k(S 2 x S 2 )\pt. Now we have 
completed the verification that any open four-manifold with a tree-like end of 
bounded type can admit an admissible pair (g,r) on it. 
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